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Abstract 

We generalize the Bartsch-Li's splitting lemma at infinity for C 2 -functionals in 
|[2l and some later variants of it to a class of continuously directional differentiable 
functionals on Hilbert spaces. Different from the previous flow methods our proof 
is to combine the ideas of the Morse-Palais lemma due to Duc-Hung-Khai [ 9 ] with 
some techniques from lfTTl[T6llT7l . A simple application is also presented. 

Keywords. Nonsmooth functional, splitting lemma at infinity, elliptic boundary value 
problems 

1 Introduction and main results 

The Gromoll-Meyer's generalized Morse lemma (so called splitting lemma) is one of key 
results in infinite dimensional Morse theory. As a supplement of it, Thomas Bartsch and 
Shujie Li proved in 1997 a splitting lemma at infinity ([|2) ) and used it to develop a kind 
of Morse theory to study some variational problem without compactness (O, IfTOl and 
[12J). Recently, Shaowei Chen and Shujie Li generalized it flU (in a Hilbert space frame) 
and [6] (in a Banach space frame). These were successfully used by them in studying 
problems with (strong) resonance. Their proof adopted the flow method as done for the 
usual splitting lemma as in 0] Q3). So the functionals are assumed to be at least C 2 . 
Based on the proof ideas of the Morse-Palais lemma due to Duc-Hung-Khai [9] and some 
techniques from ifTTl [T6l [T71 we find a new method to establish the splitting theorems for 
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nonsmooth functionals on Hilbert spaces in preprint [fT3l . We shall follow the notations 
therein. 

Recall that a neighborhood of infinity in a Banach space (X, || • is a set containing 
{u E X \\\u\\x > -R} for some R > 0. A map A from a neighborhood of infinity 
in X to X is said to be strictly Frechet differentiable at oo if there exists an operator 
A'(oo) E C(X) such that 

\\A(x 1 )-A(x 2 )-A'(oo)(x 1 -x 2 )\\x 
\\xi-x 2 \\x 

as x\ 7^ x 2 and ||^2||x) — > (oo,oo). (We also say that A has a strict Frechet 

derivative A' ( oo ) . ) The map A is called Frechet differentiable atoo\f\\A(x)—A'(oo)x\\x = 
o(||x||x) as \\x\\x — > oo. The operator A'(oo) is called Frechet derivative of A at oo. 
(Note: These two notions cannot be contained each other.) 

Let H be a Hilbert space with inner product (•,•)# and the induced norm || ■ || , and let 
X be a Banach space with norm || • \\x, such that 

(S) X C H is dense in H and the inclusion X H is continuous (and hence we may 
assume ||x|| < \\x\\x Vx G X). 

In this paper for R > we write 

5 x (oo, i?) := {x e X | II^IU > R}, B x (oo, R) := {x E X | ||ar||jc > R}, 
B H (oo, R) :={x EH \ \\x\\ > R}, B H (oo, R) := {x E H \ \\x\\ > R}. 

Let Voo be an open neighborhood of infinity in H. Then H X is open in X, and also 
star-shaped with respect to infinity provided star-shaped with respect to infinity. For 
clearness we shall write Voo H X as V* when it is equipped with the induced topology 
from X. 

Suppose that a functional C : V^ — > R satisfies the following conditions: 
(Floo) C is continuous and continuously directional differentiable on V^. 

(F2oo) There exists a continuous and continuously directional differentiable map A : V* — > 
X, such that 

DC(x)(u) = (A(x),u) H VxeVooHX, VueX. 

(This actually implies that C\ v x e C l {V*, R).) 

(F3oo) There exists a map B from (V^ D X) U {oo} to the space L S (H) of bounded self- 
adjoint linear operators of H such that B(oo)(X) C X and 

(DA(x)(u),v) H = (B(x)u,v) H Viel^nl, Vu,veX. 

(This implies: DA(ar) = B(x)\ x for all x G V^DX, and thus 5(x)(X) C X Vx G 

(Ko n x) u {oo}.) 
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(Cloo) Either ^ a(B(oo)) or is an isolated point of the spectrum a(B(oo)).U 
(02^) \fu E H such that B(oo)(u) = v for some v E X, then u E X. 
(Dqo) The map B : (V^ fl X) U {oo} — > L S (H) has a decomposition 

B(o0 = P(z) + Q(x) Vx G (Ko n X) U {oo}, 

where P(x) : H ^ H is a positive definite linear operator and Q(x) : H H is a 
compact linear operator with the following properties: 

(DIqo) All eigenfunctions of the operator B(oo) that correspond to negative eigen- 
values belong to X; 

(D2oo) For any sequence {x k } C fl X with ||x fc || — > oo it holds that \\P(x k )u — 
P(oo)u\\ — > for any u E H; 

(D3oo) The map Q : (V^ fl X) U {oo} — > L(H) is continuous at oo with respect to 
the topology induced from H on fl X, i.e. \\Q{x) — Q(oo)\\ L ( H ) — > as 
x E Voo fl X and ||x|| — > oo; 

(D4oo) For any sequence {x n } C V^, fl X with ||x n || — >■ oo (as n — > oo), there exist 
constants C > and n > such that 

(P(x n )u,u) H > C ||m|| 2 Vm E H, \/n> n . 

As before let i/^, = Ker(5(oo)), which is contained in X by (C2oo). Then := 
(H^) 1 - is equal to the range of £?(oo) by (Cloo). (See Proposition B.2 in |fT3l ). Obverse 
that splits as = if+ © H^, where if+ (resp. if ~) is positive (resp. negative) 
definite subspace of B(oo), that is, there exists some > such that 

(B(oo)u+,u+) H > 2a 00 || M +|| 2 Vm E H+, \ 

(B(oo)u-,u-) H < -2a 0O ||u-|| 2 Wu E H~. J { ' ) 

Write X± := H± n X and X^ := n X, * = +, -. We get topological direct sum 
decompositions X = if^ © X^ and X^ = X+ © X~. In addition, and X^ have 
finite dimensions by (Doo). (Note: As in the proof of [13, Lemma 2.13] the condition 
C X is enough for the following Lemmas 12.21 and 12.31 because this implies that 
C X is complete in both H and X and therefore that H and X induce equivalent 
norms on in the case). Let 

z/oo := dimif^ and /i^ : = dimH^. 

3 The claim is actually implied in the following condition (D^) by Proposition B.2 in lfT3l . In order to 
state some results without the condition (D^) we still list it here. 
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They called the nullity and Morse index of £ at infinity, respectively. Denote by the 
orthogonal projections from H onto H^, * = +, 0, — . 
As in the proof of Q~3l Lemma 2.13] we get that 

B(oo)\ x ± 

is a Banach space isomorphism. Let 

C? = \\(B(oc)\ x ±)- l \\ L{ x±,x±) and C 2 °° = \\I - P°J\ HX ,x±y 

We shall give our results in cases > and = 0, respectively. For the former 
case we further assume the following condition to be satisfied. 

(Eco) M(A) := lim^supilK/ - P^)A(z)\\ x : z G H^, \\z\\ x > R} < oo, and 
there exist i2 x > 0, k > 1 and p A G (^-C 1 °°M(y4), oo), such that 

|| (/ - Pl)A{ Zl + xx) - 5(00)^ - (/ - P^)A(z 2 + x 2 ) + 5(oo)x 2 || x ± 
< —p^\\ z i + x i - z 2 - x 2 \\ x (1.2) 

for all G -B*(0, Pa) n and Zj G with ||^|| > Ri,i = 1, 2. Moreover, if 
(11.21 ) holds with = 00 the assumption that M(A) < 00 is not needed. (Obverse 
that (|1.2|> is satisfied if 



\\A( Zl + Xl ) - A(z 2 + x 2 ) -5(oo)(xi -x 2 )|U 

< ^oo^oo H^+^l-^-^IU (1-3) 

for all Xi G Bx(0, Pa) n X± and ^ G with ||^|| > R x , % = 1, 2.)B 
Clearly, (Eqq) is satisfied if the following assumption holds. 



(SE^) M(A) := lim^ 00 sup{||(/-P^)A(^)|| x : z G iZ*, ||z|U > < 00, and 
there exists p A G (C£°M (A), 00) such that 

|| (/ - Pl)A{ Zl + Xi) - B{oo) Xl -(I- P^)A(z 2 + x 2 ) + 5(oc)x 2 || x ± 

I pi + X\ — z 2 — x 2 ||x 

uniformly in x 1: x 2 G B x (0,p A ) HX± as (zi,z 2 ) e x and (||zi||, ||z 2 ||) 
— >■ (00, 00). (Note: pa > ■^C^°M(A) if k > 1 is large enough.) Moreover, if this 
holds with pa = 00 the assumption that M(A) < 00 is not needed. 

4 If i?i > is large enough then z + x € Vqo n X for any z € B H o (00, i?x) and any x € -X"^. 
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(Note: Since the norms || • || and || • \\ x are equivalent on and we have assumed 
IMI < \\ u \\x Vm G X, which implies \\z + > ||z + x|| 2 = ||2;|| 2 + ||x|| 2 > ||^|| 2 for 
any (z,x) g x X^, if B(oo)\ x e L(X) and A has the strict Frechet derivative 
B(oo)\ x at oo, it is easily proved that (SEoo) holds for any p A e (0, oo].) 

The following assumption is slightly weaker than (E^). 

(E4,) M(A) := lim i? _ >00 sup{||(/-P^)A(^|| x : zGiJ", \\z\\ x > R} < oo, and there 
exist R 1 >0,k>1 and p A G (^zjC^ "M '(A) , oo) such that 

|| (/ - P°JA(z + m) - BWan - (/ - Pl)A{z + x 2 ) + B(oo)x 2 \\ x ± 

<-^\\xi-x 2 \\x (1-4) 

holds for all %i G B x (9, p A ) R X± and z e with ||2;|| > P^. Moreover, if (fL4l) 
holds with = c© the assumption that M(A) < oo is not needed. (Clearly, (11.41) 
is satisfied if (ll.3|) is satisfied for all Xj G B x (0, p A ) R X^, and zi = z 2 G P^ with 
Nil > i?i.) 

As above (E^) is satisfied under the following assumption. 

(SEJJ M(A) := lim i? ^ 00 sup{||(/-P^)A(^)|| x : z E H^, \\z\\ x > R} < oo, and there 
exists p A G (C%°M(A), oo) such that 

|| (I - P^)A(z + xx) - £(00)^ - (/ - PpAjz + x 2 ) + B(oo)x 2 \\ x ± 

M M ~~ ^ 

Fi - x 2 \\x 

uniformly in x\,x 2 G B x (9^p A ) R X^ as 2 G P^, and ||z|| — )■ oo. (Note: p A > 
-^C^°M(A) if k > 1 is large enough.) Moreover, if this holds with p A = oo the 
assumption that M(A) < oo is not needed. 

[ Note: If B(po) \ x G £(X) and A has the strict Frechet derivative B(oo) \ x at oo, then 
(SE'oJ holds for any p^ G (0, oo]. ] 

We have the following splitting lemmas at infinity on Hilbert spaces. 

Theorem 1.1. Under the above assumptions (S), (F1 00 )-(F3 00 ) and (C1 00 )-(C2 00 ), (Dqo), 
a/50 suppose that > and (E^J w satisfied and that 

C(u) = -(B(oo)u,u) H + o(IM| 2 ) as IH|->>ooB (1.5) 

TTzen ?/iere en's? a positive number R, a (unique) continuous map h°° : B H o (00, P) — >■ 
X^ (which takes values in B x ±(9, p A ) in the case M(A) < 00) satisfying 

(I-P^)A(z + h°°(z)) = \/zeB H o(oo,R), (1.6) 



5 This condition is weaker than the assumption (A^) in fl2). See §3.1 below. 
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and a homeomorphism $ : Btf^oo, R) © — > Bh^oo, R) © of form 

$(2 + u + + u~) = z + h°°(z) + <f> z (u + + u) (1.7) 
with 4> z (u + + u~) G i?^, and $(5^ (00, R) © X^) C X, such that 

C o $(* + u + + u~) = ||w + f - ||m-|| 2 + £(z + h°°(z)) (1.8) 
for all (z, u + + u~) G 5^ (00, i?) x iif*. 77ze homeomorphism $ /las a/so properties: 

(a) For each z G -Bjyo^ (00, -R), $(2, 0) = 2 + h°°(z), and 4> z {u + + tt~) G i/^ if and 
only ifu + = 9; 

(b) The restriction of® to B H o (00, R) © if^ w a homeomorphism from B H o (00, i?) © 

C X onto $(5^(00, i?) © //"")) C X even z/f/?e topologies on these two 
sets are chosen as the induced one by X. 

The map h°° and the function 

C°° : B HSo (oo,R) -> E, ;z^£(,2 + /i 0O (,2)) 

a/50 satisfy: 

(i) lim|| z || x _ ) . 00 ||/i°°(2!)||x = provided that 

lim sup{||(J-P^)A(z)|U: z e ||z||x > J2} = 0; 

(ii) if A is C 1 , then h°° is C 1 and 

dh°°(z) = -[(/- J* + ^(2))!^] "'(J - P°JA'(z + h°°(z))\ H2o , 
moreover the function C°° is C 2 and 

f d£°°(2 )(z) = (A(z + fc°°(2b))^) H , 

(iiij 7/X is C 2 then h°° is also C 1 as a map to (hence X^). 
If (E^) is replaced by the slightly strong (Eqo) (and pA is given by (Eoo)) one has: 

( iv) The map h°° is Lipschitz, and has a strict Frechet derivative zero at 00; 

(v) C°° is C 1 and (EPJ) holds; 

(vi) If B (00) G L(X) and A has a strict Frechet derivative B(oo)\x cit 00, then C°° is 
C 2 ~° and dC°° has the strict Frechet derivative zero at 00. (In this case, as noted 
below (SEqo) we may choose pa above to be any positive number, but R depends 
on this choice.) 
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Remark 1.2. Similar conclusions to Remarks 2.2,2.3 in |fl3 1 also hold. Namely, we only 
use Lemmas 12.41 and [231 in the proof of Lemma [2761 Hence the condition (Doo) can be 
replaced by the following 

(D^) There exist a subset f/oo C Voo of form Uoo = Bh^ (oo, R')®H^, a positive number 
Cqo and a function uj^ : [T^ fl X — > [0, oo) with the property that u^x) — > as 
x G [/oo n X and ||x|| — >■ oo, such that 

(D^) the kernel and negative definite subspace of B(oo) are finite dimen- 
sional subspaces contained in X; 

(D^ 2 ) {B(x)v, v) H > Coo \\v\\ 2 \fv eH^xeU^n x- 

(D^ 3 ) \(B(x)u,v)h-(B(oo)u,v) h \ < uMhW ■ \\v\\ Vu e H,v e H~® H^; 
(D^ 4 ) (B(x)u,u) H < - Coo \\u\\ 2 Vu eH^xe U^nx. 

In order to state our second result, for positive numbers R and 5 we set 

C R , 5 := B H2o (oo, R) © E H + (0, 5) © ((9, 5) . 

(It is often identified with (oo, R) x 5 H + (6>, 5) x £ H - (0, 5)). 

Theorem 1.3. Under the above assumptions (S), (F1 00 )-(F3 00 ) and (C1 00 )-(C2 00 ), (Dqq), 
also suppose that v OQ > Q and (E^J is satisfied. Then for any r G (0, oo) there exist posi- 
tive numbers R, 8 r > and a (unique) continuous map h°° : Bh^oc, R) — >■ X^ (which 
takes values in B x ± (9, p A ) in the case M(A) < oo ) satisfying 

(I-P^)A(z + h°°(z)) = \/zeB H0 Joo,R), (1.10) 

an open set V(R, r) in H with V(R, r) C C/j r+PA , and a homeomorphism $ : Crj t — > 
V(R, r) of form 

$(z + u + + u~) = z + /i°°(z) + (j) z [u + + u~) 
wzf/z 4> z (u + + it - ) G if^, and ^{Cn,5 r Hljcl, s«c/z ?/W 

£o$(^, m + + m-) = ||w + || 2 - Hu-f + ^ + A 00 ^)) 

/or a// (z, u + , u~) = z + u + + u~ G C^s r . The homeomorphism $ a/so possesses prop- 
erties: 

(a) For each z G Bjjo (oo, i?), $(z, 6 1 ) = z + h°°(z), 4> z {u + + w~) G i?^ z/and on/y i/" 
m+ = 6; 

(b) The restriction of $ to -B^-o^oc, i?) © B H -(8,5 r ) is a homeomorphism from 
Bh^oo.R) © B H -(0,S r ) C X onto $(5^(00,7?) © B H -(9,5 r )) C X even 
z/f/ze topologies on these two sets are chosen as the induced one by X. 
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The map h°° and the function 

C°° : B H2o (oo,R) z ^ C(z + h°° (z)) 

satisfy the conclusions (i)-(iii) in Theorem \l.l\ and also (iv)-(vi) in Theorem \Tj\ if (Eqq ) 
/lo/ds and pa ^ given fry (Eod 

In Theorems 1 1 . 1 [ [L~3l if £ is C 2 and D 2 C(w) = B(oo) + o(l) as — > oo, we 
shall prove in Remark [2. 151 that is C 1 outside the submanifold of codimension /i^ if 
i? > is large enough. 

Remark 1.4. Similar conclusions to Remarks 2.2, 2.3 in ITT31 also hold. By the note 
below Lemma 1231 we can still get Theorem 1 1.31 if we replace the condition (Doo) by the 
following 

(D^) There exist a subset of X of form 

= B HOoc (oo, R!) © (B H (G, r') n X^) C^nl, 

a positive number Coo and a function Woo : Woo — >■ [0, oo) with the property that 
^oo(^) -)■ as i G PVoo and — > oo, such that 

(D^) the kernel and negative definite subspace of B(oo) are finite dimen- 
sional subspaces contained in X; 

(D'4 2 ) > Coolkll 2 Vi; G G W^; 

(D'4 3 ) |(S(o;)tt,v) H - (B(oo)u,v) H \ < Woo(s)||«|| ■ H \/u £ H,v £ H~®H^; 
(D^ 4 ) (B(x)u,u) H < -Coo||m|| 2 Vw G H~,xe Woo. 

Corollary 1.5. Suppose that one of the following condition groups holds: 

(i) (S), (F1 00 )-(F3 00 ) and (C1 00 )-(C2 00 ), (D^) and (E M ); 

f«; (S), (Fl 00 )-(F3 00 ) and (C1 00 )-(C2 00 ), (DJ and (E'J, and A being C\ 

Then each critical point z of the function £°° : B H o (oo, i?) — > R gives a critical point of 

C,z + h°°(z). 

Proof. Under the condition group (i) or (ii), C°° is at least C 1 . For a critical point z of it 
Ob shows that (A(z + h°°{z)), z') H = W G F^, i.e., 

(P^A(z + /i 00 (z)),m)^ = G ff. 

This and (11.101) imply A (z+h °° (z)) = 9. Since X is dense in H, the desired claim follows 
from the condition (F2oo). □ 

When X = H Theorems 11.1111.31 have the following corollaries, respectively. 
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Corollary 1.6. Let V^ be a neighborhood of infinity in a Hilbert space H, and let C : 
Voo — >■ R be a C 1 -functional. Suppose that V£ : V^ — > H is continuously directional 
differentiable and that there exists a map Bfrom V oo u{oo} to the space L s (H) of bounded 
self-adjoint linear operators of H such that 

{DVL{x){u),v)h = {B{x)u,v) h VxgVoo, Vu,v G H. 
(So £ has the Gateaux derivative of second order C"(x) = B(x) at x G Voo.) Write C as 

C(x) = -(B(oo)x, x) H + g{x). 

(g has the Gateaux derivative of second order g"(x) = B(x) — B(oo) at x G Voo-) 
Suppose 

(i) g(x) = o(||a;|| 2 ) as \\x\\ — > oo; 

(ii) G cr(-B(oo)) and B(oo) = P(oo) + Q(oo), where P(oo) G C S (H) is positive 
definite and Q(oo) G C S (H) is compact; 

(iii) For any sequence {x n } C Voo with \\x n \\ — > oo (as n — > oo), there exist constants 
Cq > and n > such that 

([B(x n ) - Q(oo)]u, u) H > C 1 1 ^ 1 1 2 G H, Vn > no- 
Civ) Hi := Ker(5(oo)) ^ {£} := (^)\ C? = \\{B{^)\ H ±)- l \\ L{H ± y 
ifM(A) := Hindoo sup{ || (I - P^)A(z) || : z G ||*|| > R} < oo with 
A = V£, there exist constants Ri > 0, k > 1 and G (^3j-Cf°M(A), oo) swc/i 
that for all y G -B#± (#, p^)> ^ G Bh^, Ri)> 

W - P°J[B(z + y)- BCoo)]!^!^, < 

Moreover, that M(A) < oo is not needed if there exists a constant i?i > 0, k > 1 
smc/z that for all y G if^,, z G .Bjjo (0, i?i), 

1 



\\(I-P oo )[B(z + y)-B(oo)]\ H ±\\ L{H ± ) 



< 



Then there exist a positive number R > Ri, a ( unique) continuous map h°° : B^ (oo, R) — > 

satisfying U.6\) with A = V C, which takes values in B H ± (6>, pa) in the case M(A) < 
oo, and a homeomorphism $ : B H o (oo, R) © — > B H o (oo, R) © such that 



Co$(z + u + + iT) = \\u + \\ z - \\u-\\ 2 + C(z + h°°(z)) 

for all (z, u + + u~) G -Bf/o_(oo, R) x H^. Moreover, if £ is C 2 then the map h°° is C 1 
and the function B H o (oo, R) ->■ E, z >-)■ £°°(z) := £(z + h co (z)) is C 2 . 
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Proof. By Propositions B.2,B.3 in |fl3ll . is an isolated spectrum point of B(oo)), and 
B(oo) has the finite dimensional kernel and negative definite subspace if ~ . For x G 
Voo let P(x) = P(oo) + g"{x) = B(x) - Q(oo) and Q(x) = Q(oo). Then B{x) = 
P(x) + Q(x). The condition (iii) implies that (D^) is satisfied. It follows that P(x) is 
positive definite for each a; in a neighborhood of infinity in H. Hence (D^) is satisfied. 

Next we shows that the condition (iv) implies (E'^). Since g'(x) = A(x) — B(oo)x 
with A = V C, and g"(x) = B(x) — B(oo) using the mean value theorem in inequality 
form we deduce that 

|| (/ - PpA{z + Xl ) - B(oo) Xl -(I- P^)A(z + x 2 ) + B(oo)x 2 \\ 

- x 2 \\ 

\\(I-PS )g'(z + x 1 )-(I-PS )g'(z + x 2 )\\ 

\\ X 1 ~ X 2\\ 

< SUp \\(l-P^)g>X Z + tx 1 + (l-t)x 2 )\ H ±\\ L{H ± ) <-^ 

te[o,i] ^1 



for all z G Bh^oo, Ri) and X; G B H ± (8, p A ), i = l,2 and x\ ^ x 2 . Moreover, since 
I - ^ 0, Cf = \\I - P!L\\l(h,h±) = 1- So the condition (E'^) holds. Corollary [L6] 
immediately follows from Theorem [TTTJ □ 

In Corollary II .61 if C is C 2 and g"(x) = o(l) as ||x|| — > oo then the conditions (iii)- 
(iv) are satisfied automatically. This almost leads to the splitting lemmas at infinity first 
established by Thomas Bartsch and Shujie Li [|2l p.431]. See §3.1 below for a detailed 
explanation. As in the proof of Corollary 11.61 Theorem 1 1 . 3 1 leads to 

Corollary 1.7. Under the assumptions (ii)-(iv) of Corollary \1.6\ for any r G (0, oo) 

there exist positive numbers R > R\, 5 r > and a (unique) continuous map h°° : 
5^(00, R) — > (which takes values in B x ±(9,pa) in the case M(A) < 00 ) sat- 
isfying ALIO]) with A = V £, an open set V(R, r) in H with V(R, r) C C^ r+PA , and a 
homeomorphism $ : Cji i s t — > V(R, r) such that 

£o<5>(z,u + +u~) = \\u + \\ 2 - \\u-\\ 2 + C{z + h°°{z)) 

for all (z,u + ,u~) = z + u + + u~ G C^s r . Moreover, if C is C 2 then the map h°° is C 1 
and the function B H ^ (00, R) 3 z 1— > C(z + h°°(z)) G R is C 2 . 

This corollary generalizes not only a slightly different version of Bartsch-Li splitting 
lemmas at infinity [0 given in IfTOl Prop.3.3] but also Theorem 2.1 in Q. Moreover, we 
do not need the assumption (11.51) . See §3.2 below for a detailed explanation. 

The premise of the assumptions (Eqo) and (E^J) is > 0. When = the 
proofs of Theorems 11.11 11.31 cannot be completed if no further conditions are imposed. 
The following may be viewed as a corresponding version of them in the case = 0. 
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Theorem 1.8. Under the above assumptions (S), (F1 00 )-(F3 00 ) and (Cl 0O )-(C2 oo ), (D^), 
a/50 suppose that = an J dza? diere emf constants R > and A G (0, aoo) swc/z fnaf 

|£(u) - (S(oo)u,«)/2| < A||wf Vu e B h (oo, R), (1.11) 
||A(tt) - S(oo)«|| < A||«|| Vue5 H (oo,i?)nX (1.12) 

(i) 7f //~ = then there exist a number 9\ > and a homeomorphism <pfrom Bh (00, 
onto an open subset of H to satisfy: 

C{(j){u)) = \\u\\ 2 \/u G B H (oo, m), 

Hull 1 

< H0(m)|| < , \\u\\ Vw G B h (oo, 9V). 



v20oo V Oqo — A 

(ii) Iffi^ > then there exist a number > and a homeomorphism (ft from B H + (00, 
iJ^ onto an open subset of H such that for all (u,v) G (00, DVj x 



+ 1> )) = ||w|| 2 — ||f 



|2 



< \\P£o<f>(u + v)\\ < Vaoc - A| 



p-o^(S fli (oo,£R)©iQ)=iQ, 
where P+ and P m are die orthogonal projections onto if + and ip^, respectively. 

Corollary 1.9. Under the above assumptions (S), (F1 00 )-(F3 00 ) and (C1 00 )-(C2 00 ), (D^), 
Ze? z/qo = 0, ([73]) /zo/d and 

|| A{u) — B(oo)u\\ = o(\\u\\) as u G X and \\u\\ —> 00. (1-13) 

Then the conclusions in Theorem U .8\ hold with A = and some 91 > 0. 

Perhaps, the condition (11.51) (resp. (11.1 II) ) may be derived from (11.131) (resp. (11.121) ). 
But the author does not know how to do. 

One of main applications of the splitting lemmas at infinity is to compute the critical 
group at infinity of C, C*(£, 00) := lim^ H*(H, {£ < a}; F) the inverse limit of the 
system {H*(H, C a ) — >■ H*(H,C b ) \ — 00 < a < b < 00}, where the homomorphism 
Pf*(Pf, C a ) H*(H, C b ) is induced by the inclusion {H, C a )) ^ (H, C b )). In the case 
z/qo = and > it follows from (11.51 ) that C is bounded from below on P+ and 
that C(u) — > —00 for u G P~ as ||u|| — > 00. By Proposition 3.8 of [2] we get that 
Cj(C, 00) = 5kj¥ for k = ^ = dimP^,. If = ^ = this also holds because 
C*(£, 00) = H*{H,{\\u\\ > R}; F) for any sufficiently large R > 0. 

For Theorems 11.11 11.31 and 11.81 we can also give a corresponding result with Theo- 
rem 2.25 of HI. 
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The proofs of Theorems 11.11 11.31 and 11.81 will be given in Section 2. Some relations 
between these theorems and previous ones will be discussed in Section 3. In Section 4, 
as a simple application we give a generalization of Theorem 5.2 in BU. It shows that our 
results may give better results even if for C 2 functionals. Our theory can be used to deal 
with a class of more general functionals of form J(u) = J n F(x, u(x), Vu(x))dx (with 
lower smoothness than C 2 usually), see [TT4l . 

2 Proofs of Main Theorems 

For reader's conveniences we here state the following parameterized version of Theorem 
1.1 in (H. Its proof was given in Appendix A of |fT3ll . 

Theorem 2.1. Let (H, \\ ■ ||) be a normed vector space and let Abe a compact topological 
space. Let J : A x Bh(8,25) — > R be continuous, and for every A G A the function 
J(X, •) : Bh(9,25) — > R is continuously directional differentiable. Assume that there 
exist a closed vector subspace H + and a finite-dimensional vector subspace H of H 
such that H + © H is a direct sum decomposition of H and 

(i) J(A, 9) = and D 2 J{\, 9) = 0, 

(ii) [D 2 J(X,x + y 2 ) - D 2 J(X,x + y 1 )](y 2 -y 1 ) < for any (X,x) G A x B H+ {9,5), 
Vi, 1/2 e B~h- (0, S) and y x ^ y 2 , 

(Hi) D 2 J(X,x + y)(x — y) > for any (X,x,y) G A x B H +(9,5) x B H -(9,5) and 
(x,y)^(9,9), 

(iv) D 2 J{X,x)x > p(\\x\\) for any (X,x) G A x B H +(9,5) \ {9}, where p : (0,5] -)■ 
(0, oo) is a non-decreasing function. 

Then there exist a positive e G R, an open neighborhood U of A x {9} in A x H and a 
homeomorphism 

: A x (B H+ (9, VpJej/2) + B H -{6, VpW^)) ~+ U 

such that 

J(X,<f)(X,x + y)) = \\x\\ 2 - \\y\\ 2 and <p(X, x + y) = (A, <j) X (x + y)) G A x H 

for all (X,x,y) G A x B H +(9, ■ s /p{e)/2) x B H -(9, ■ s /p(e)/2). Moreover, for each A G A 
0a(O) = 0, 4>\(x + y) G H if and only if x = 0, and is a homoeomorphism from 
A x B H - (9, ^Jp(e)/2) onto U fl (A x H~) according to any topology on both induced by 
any norm on H~ . 
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2. 1 Proofs of Theorems 11.11 HT3 



Unlike the proof of [13, Theorem 2.1], we cannot directly apply Theorem [2J] to the func- 
tion F°° in (12.101) because B H o^ (oo, Ri) is only locally compact. We must directly prove 
corresponding conclusions with those in Steps 1, 6, 7 of the proof of it given in Appendix 
A of lfT3l . Moreover, in some steps we may prove the same parts of Theorem [Tj] and The- 
orem |1.3| in a unite way, in other steps we must deal with those two cases, respectively. 

The following Lemma I2l2l (resp. Lemma [273]) is the analogue of lfT3l Lemma 2.13] 
under the condition (E^) (resp. (E^)). 

Lemma 2.2. Under the above assumptions (S), (F1 00 )-(F3 00 ) and (C1 00 )-(C2 00 ), and 
(Eqo) there exists a unique map h°° : B H ^ (oo, R x ) — > B x ± (9, p A ) (by increasing R 1 > 
if necessary), which is Lipschitz continuous, such that 

(i) (I — P^ )A(z + h°°(z)) = 8 for all ze ^(00,^1); 

(ii) h°° is strictly F-differentiable at infinity and dh°° (00) = under the assumption 

(SEoo); 

(Hi) limpn^^oo ||/i°°(z)||x = provided that M(A) = in the assumption (Eqo); 

(iv) the function Bjj^oo, Ri) -)■ R, z \-> C°°(z) := C(z + h°°(z)) is C 1 and 

d£°°(z )(z) = (A(z + h co (z )),z) H V^o eBHoJoc^j, z e H^- 

(v) If P^ o A : X — > has a strict Frechet derivative S G L(X,X^) at infinity, 
(for instance this is true when A is strictly F-differentiable at infinity), then the 
function C°° is C 2 ~°, and dC°° has a strict Frechet derivative zero provided S = 



P°oB(oo) 



DO 



(vi) If A is C 1 the maps h°° and C°° are C 1 and C 2 , respectively, and 

dh°°(z) = -[(/- I#)A'(z + h°°(z))\ x ±]-\l - P°jA'(z + h°°(z))\ HOoo ; 

(vii) If £ is C 2 then h°° is also C 1 as a map to (hence X^). 
Proof, (i) Consider the map 



S»:5 H oJoo,Ri)xB x ±(0,p A )^X l 



± 
00' 



[z, x) h- -(B(oo)U r\l - Pl)A{z + x) + x. 
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L,etzi,z 2 G -Bffo^oo, Pi), and let xi, x 2 G P x ± (0, pa). Noting that B(oo)xi G and 
B{oo)zi — 0, i = 1, 2, it follows from (fOb that 

||s^i,*i)-s^2,x 2 )|| x ± (2.i) 

< • || (/ - J* ) + Xl ) - B(oo) Xl -(I- P°JA(z 2 + x 2 ) + B(oo)x 2 || x ± 
1 „ 

< -\\z 1 + x 1 - z 2 - X 2 \\x- 

K 

In particular, for any z G Bh^ (°°> Ri) an d £i, x 2 G B x ± pa), we get 

\\S^(z,x 1 )-S 00 (z,x 2 )\\ x ± < -||m -^ 2 |U- (2.2) 

• If p A < oo in (E^), this means that M(A) < oo and p A G (-^C%°M(A), oo). By 
increasing R 1 > pa we ma y derive 

Bup{||(/ - I»)A(z)\\x : z G \\z\\ x > Pi} < 

and hence 

< II^MI^)- 1 !)^) • ||(/-p£)A(*)|| x ± < ^ PA . 

It follows from this and (12.21) that 

||^,x)|| x ± < \\S°°(z,x)-S°°(z,e)\\ x ± + \\S°°(z,9)\\ x ± 

1,,,, K~ 1 

< - x X H Pa 

K K 

< -Pa + Pa < Pa (2.3) 

K K 

for any z G P^(oo, Pi) and x G P x ± (0, pa)- Hence the Banach fixed point theorem 
gives a unique map 

h°°: P^(oo,Pi)^P x ±(£, p A ), 
which is also continuous, such that S°°(z, h°°(z)) = h°°(z) or equivalently 

{I-Pl)A(z + h°°(z)) = 6 \/zeB H0 Joo,R 1 ). (2.4) 

This and (12.11) imply 



\\h™(z 1 )-h™{z 2 )\\x = \\S 00 (z 1 ,h°°{z 1 ))-S°°(z 2 ,h°°(z 2 ))\\ 
<-\\z 1 + h°°(z 1 )-z 2 -h°°(z 2 )\\ x 

K 



A'? 



and hence 



Wh 00 ^) - h°°(z 2 )\\ x < -^—\\ Zl - z 2 \\ x Vz u z 2 G BhoJoo^R,). (2.5) 

K — 1 
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That is, h°° is Lipschitz continuous. 

• If pa = oo in (Eqo), then (12.11) holds for any z G -8^(00, Ri) and x±, x 2 G X^. 
The Banach fixed point theorem gives a unique map h°° : B H o (00, — >■ X^, which is 
continuous, such that (12.41 ) and (12.51 ) also hold. 

(ii) If M(A) < 00 in (SE^) we choose k > 1 so large that p A > -^C^M(A). Then 
(11.21 ) is satisfied by increasing Ri > (if necessary). Hence (|2.1| )- (|2.5I ) are still effective 
for these k and Ri. For ^ G Bjjo (9, Ri) set x« = h°°(z i ) in (12.11 ), 2 = 1,2. We obtain 

WhTfa) - h°°(z 2 ) = ||^ 1; h~( Zl )) - S»°(z 2 , h™(z 2 ))\\x± 
< C? • ||(/ - P^)A( Zl + h°°( Zl )) - B(oo)(zx + /i 00 ^)) 

-(/ - P^)A(^(z 2 )) + B(oo)(z 2 + ^°°(z 2 ))|U. (2.6) 

For any given small e > 0, since 

Ik, + h^(z t )\\ x > Ik + ^°°(^)ll 2 = lk.ll 2 + \\h co {z l )\\ 2 > INI 2 , 

and \\ Zi \\ — )■ 00 -<=>- || -2,: || x — >■ 00 for 2^ G Jf^, i = 1, 2, by (SEoo) there exists R > Ri 
such that for any Zi G B H o (00, R), % = 1, 2 we have 

- P oo )A{z l + h™( Zl )) - B(oo)( Zl + h°°( Zl )) 

-(I - P Q OQ )A{z 2 + h°°{z 2 )) + B(oo)(z 2 + h°°{z 2 ))\\ x 

<e\\z 1 + h°°(z 1 )-z 2 -h°°(z 2 )\\ x 
he 

< -e\\zi - z 2 \\ x 

K — 1 

by (12.51) . From this and (12.61) we derive that 



\\h°°(z 2 ) - ^°°(zi)|U < -ArCfeUza - (2-7) 

K — 1 

for any Z{ G B H o (00, i?), i = 1,2. This shows that has the strict Frechet derivative 
zero at 00. 

(iii) Recall that h°°(z) is a unique fixed point in £> x ± (0, Pa) of the map 

x S 100 ^ x) = -(^(oo)!^)- 1 ^ - i* + x) - P(oc)x]. 
Since M (A) = 0, for any small < e < pa there exists a large R > Ri such that 

ll(/-0^)IU ± <^^ 

for any z G Bff^oo, R). By the deduction of (12.31) . for any z G Bjj^oo, R) and x G 
B x ±(6, e) we have 

ll^x)^ < ^l|a:||x + ||(B(oo)| x ±)- 1 (/-P^(z)|| x± 

< i|NU + cni(/ - 04(*)||*± < £ + < 6. 
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So the map 



B J £(9,e)^B x ±(e,e),x»S BO (z,x) 



has a unique fixed point, which is, of course, contained in B x ± (9, pa) and hence must be 
h°°(z). This shows ||/i°°(»|U < e- 

(iv) The proof is similar to Step 2 of proof of [fT3l Lemma 2.13]. For any z £ 
Bh^oOjRi), z £ and i G M \ {0} with z + tz £ £^(00, Hi), by the mean 
value theorem we have s £ (0, 1) such that 

= D£(^)(te + / i oo (^ + ^) -/i°°Cz )) 
= (A(z 8 , t ),tz + h 0O (z Q + tz)-h 0O (z Q )) H 

= (A(z Sit ),tz) H + ((I - P^)A(z s>t ), h™(z + tz) - h°°(z Q )) H (2.8) 
because h°°(z + tz) - h°°(z Q ) £ X± C H±, where 

z s ,t = z + h°°(z ) + s[tz + h°°(z + tz) - h°°{z )\. 
Note that (1231) implies 

\\h°°(zo + tz) - h°°{z )\\ H < \\h°°{z + tz) - h°°(z )\\ x < -J— |t| • \\z\\ x . 

K — 1 



Let t — > 0, we have 



((/ - P^)A(z s , t ), h°°{z + tz) - h°°(z )) 



H 



t 



< 



|| (/ - PI)A(z s ,)\\h ■ \\h°°{zo + tz) - h°°(z )\\ 

1*1 

\\ Z \\ V \\(J - P ), 

K ~ 1 



H 



< ^irr\\4x\\(i-P!L)M*s*)\\\ 
i 



X 



-> — -NU-|ia-0^o + ^(^o))ll 
k — i 

because of (12.41) . From this and (12.81 ) it follows that 

DC°°(z )(z) = lim £O ° (Z0 + ^ ) ~ /:OO ^ 0) = (AC* + /i 00 ^)),*)*. 
t->o t 

That is, £°° is Gateaux differentiable at z . Clearly, z DC°°(z )(z) is linear and con- 
tinuous, i.e. £°° has a linear bounded Gateaux derivative at z , DC°°(z ), given by 

DC°°(z )z = (A(z + h°°(z Q )), z) H = (P^A(z + h(z )), z) H Vz £ H^. 

Note that B(M)|flo = 0, £(oo)(#±) C F± and ^(z ), £ X± C if± for 

any z , z' £ B^ (oo, i?i). We have 

(i* B(oo)(*b + fc 00 ^)), «)h = (P^B(oo)(z' + h°°(z' )), z) H = Vz £ 
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From this it easily follows that 



< 



< 



\DC°°(z )z- D£°°(z' )z\ 

| (P^A(z + h°°(z )) - P^A(z' + h°°(z' )), z) H \ 
| (P^A(z + h°°(z )) - P^B(oc)(z + h°°(z )), z) H 
-(P°ooM4 + h°°(z' )) - P^B(oo)(z' + h°°(z' )), z) H \ 
\\P^A(z + h°°(z )) - P£P(oo)(^ + h°°(z )) 
-P^A(z' + h°°(z> )) + P^B(oc)(z' + h°°(z' ))\\ H ■ \\z\\ H 
\\A(z + h°°(z ))-A(z' + h°°(z' Q ))\\ x + 



\\B(oo)(z + h°°(z )) - B{oo){z' + h c 



\ Z \\X 



and hence 



\\DC™{z,)-DC™{z ! )\\ {x ^ Y < \\A(z + h™(z ))-A(z' + h°°(z> ))\\x 

+ \\B(oo)(z + h°°(z )) - B(oo)(4 + h°°(z' 



H, 



where (X^)* = = L(X^,R). Since both A : X -> X and P(oo) : # -> H 

are continuous by (F2QO), from (12.51) we derive that z i-> DC co {zq) is continuous and 
therefore that £°° is Frechet differentiable at z an d its Frechet differential gLC°°(zo) = 
DC°°(z ). Moreover, the above estimate also shows that z i-)- dC°°(zo) is continuous. 

(v) Since P^ o A has the strict Frechet derivative S G L(X, X^) at oo then 



|P£ o A(ar x ) - P^ o A(x 2 ) - S( Xl - x 2 )\\ x < K R \\ Xl - x 2 || 



x 



(2.9) 



for all xi, x 2 G Bx{oo, R) with constant Pr — >■ as P — > oo. 

Let C > be such that ||z|| x < CpH Vz e H^. For P > P x and any zo,4 G 
P#o (oo, P), since 



|z + /i°°(;z)|ft > |U + /i°°(z)|| 2 



|z|| 2 + \\h°°(z)\\ 2 > \\z\\ 2 far z = z , 4 
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it follows from the proof of (iv), (l2~9l) and (123b that 

|d£°°(z )^ - - (5(20 + h°°(z ) -z' - h°°(z' )),z) H \ 

= {P^A(z + h°°(z )) - P^A(z f + h°°(z' )),z) H - 

(S(z + h°°(z )-z' -h°°(z' )),z) H 

< \\P^A(z + h°°(z )) - P^A(z' Q + h°°(z' )) 

-S(z + h°°(z ) -z' Q - h°°(z' ))\\ H ■ \\z\\ H 

< \\P^A{z Q + h™{z Q ))-PlA{z' + h°°(z' Q )) 

-S(zo + h°°(z ) - z' Q - h°°(z' ))\\ x ■ \\z\\ x 
<K R -\\z + h°°(z ) -z' - h°°(z' )\\ x ■ \\z\\ x 



< 



< 



K - 1 



Kr ■ \\zq — z' \\ x ■ \\z\\x 
C 2 K R ■ \\z - z'Jx • \\z\ 



for any z G H^. Hence 



\\djr ao (z )-djr^(z' )\\ L{H o a , I 



< 



< 



K 



K — 1 
K 



K 



C 2 K R ■ \\zo - z' \\ x + \\S(z + h°°(z ) -z' - h°°(z' 
(l + C 2 K R )-\\z -z' \\x, 



that is, £°° is C 2 -°. Moreover, if S = P^ o B(oo 



x 



then 



(S(z + h°°(z ) - 4 - h°°(z' )), z) H = Vz G H t 







and hence 



\dC OD (z )z-dC QO (z' )z\\ 
= \dC^(z )z - dC°°(^)z - (S(z + h°°(z ) - z' - h°°(z' )), z) H \ 

< ^c 2 ^- ||z -4IU- Ikll 
k — i 

for any z G -ff^. This implies 

||d£°°(^o)-d£°°^)l| L (Hoi, R ) ;Q 

as (||^o II 5 Ikoll) — ^ (oo, oo) and z z' . Hence dC°° has the strict Frechet derivative zero 
at infinity. 

(vi) Since A is C 1 the corresponding conclusions can be obtained as in [13, Re- 
mark 2.14]. 
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(vii) If C is C 2 then VC{x) = A(x) \/x G X^. For z Q G B HOoo (oo, we have (I - 
P^ D )V£(,2o + h°°(zo)) = 0- By the implicit function theorem there exists a neighborhood 
O(zq) of 2 in 5//c^(oo, and a unique C 1 map /i : 0(zo) — > such that (/ — 
P^)VC{z + h(z)) = 9 for all z G O(z ). Moreover, 

(/ - P^)VC(z + h°°(z)) = (/ - P°JA(z + h°°(z)) = 9 

for all z G 5^(00, i?x), and is also continuous as a map to H^, by the implicit 
function theorem (precisely its proof) we get h(z) = h°°(z) \/z G O(z ). The desired 
conclusion is proved. □ 

Lemma 2.3. Under the above assumptions (S), (F1 00 )-(F3 00 ) and (C1 00 )-(C2 00 ), and 
(Ei'oo) there exist R\ > and a unique map 

h°° : Bag, (00,^0 Bx(^i)nl± 

which is continuous, such that 

(i) (I-P^)A(z + h°°(z)) = 9 for all ze £^(00, i^); 

(z'z) limi^n^^oo = provided that M(A) = in (E^J; 

(Hi) If A is C 1 , then h°° is C 1 and 

dh°°(z) = -[(/- i* + - P°jA'(z + h°°(z))\ H ^ 

moreover the functional 

C°° : 5^(00,^1) ->E, zh> £(z + 

Z5 C 2 and 

d£°°(;zb)(z) = (A(z + /i°°(zo)),^ Vz e BhoJoo,^), z g F^; 

(7v) If C is C 2 then h°° is also C 1 as a map to (hence X^). 

Proof. Recall the proof of Lemma |23U ). Under the condition (E^), we can only obtain 
(fL4l) and (I2TTT) for z\ = z 2 . Hence (1231) still holds. Unless (UTTI) and (1131) the proof of 
Lemma |2T2T i) is valid. The proof of (ii) is the same as that of Lemma |2.2r iii). (iii)-(iv) can 
be obtained by the implicit function theorem as usual. □ 

Define a continuous map 

F^-.BhoJoo,^) x#± (2.10) 
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by F°°(z,u) = £{z + h°°{z) + u) - £{z + h°°{z)). Then for each z G £^(00, #1) 
the map •) is continuously directional differentiable on H^, and the directional 

derivative of it at u G in any direction v G is given by 

D 2 F°°(z,u)(v) = (A(z + h co (z) + u),v) H 

= ((I-P oo )A(z + h oo (z)+u),v) H . 

It follows from this and (|2"4b that 

F°°(;z,0) = O and D 2 F QO (z, 0)(v) = G (2.11) 
Later on, if (|1.5I) holds we shall assume (by increasing i?i > 0) that 

- ^\\ z + u\\ 2 < C(z + u) - -(B(oo)u,u) H < ^\\z + u\\ 2 (2.12) 
o 2 o 

for any (z, u) G (00, R ± ) x 

Under the assumptions (C1 00 )-(C2 00 ) and (Dqo), with the same proof methods we can 
obtain the corresponding results with [fT3l Lemma 2.15] and [13, Lemma 2.16] as follows. 

Lemma 2.4. There exists a function ujoo : Vqo fl X — » [0, 00) wzY/j f/ze property that 
Uoo(x) -> as i G fl X and ||x|| — >■ 00, swc/i ?/W 

|(B(a;)u,v)H - (-B(oo)w, v) H \ < Uoc{x)\\u\\ ■ \\v\\ 

for any x G fl X, u G if © and t> G H. 

Lemma 2.5. Let > as in f li.il) . 5v increasing R\ we may find a number a\ G 
(0, 2a OQ ] such that for any x G B H (oo, i?i) fl X one /las 

(?) (B(x)u,u) H > ch||m|| 2 Vm G 

(ii) \{B(x)u,v) H \ < Woo(a;)||M|| ■ ||v|| Vu G anJVv G H^®H^; 
(Hi) (B(x)u,u)h < — Ooo||w|| 2 Vw G ff~. 

/Vote: Actually, for the proof of Theorem 11.11 (resp. Theorem 1 1.31) we only need that 
Lemmas [2 .41 and [231 hold in a set of form 

BhoJoo, R') © X± (resp. ^(00, R!) © (B H (9, r') D X±)). 

In this case we can only get the following Lemma [2T6l in such a set too. 

As in the proof of Q~3l Lemma 2.17] we can use the above lemmas to prove: 

Lemma 2.6. The functional F°° in A2.10\) satisfies (i)-(iv) in Theorem \2.1\ i.e. 
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(i) F°°{z,9) = 0andD 2 F QO (z,6) = Oforanyze B^oo,^); 

(ii) [D 2 F°°(z,u + v 2 ) - D 2 F°°(z,u + v 1 )}(v 2 -v 1 ) < -a^^ - Vi\\ 2 < for any 
(z, u) G Bjq (00, Rx) x H+, vi, v 2 G H~ with vi ^ v 2 ; 

(Hi) D 2 F°°(z, u + v)(u — v ) > ai||u|| 2 + aoo|M| 2 > Ofor any (z, u, v) G B H o^(po, R\) 
xH+ x H~ with (u,v)^ (9,9); 

(iv) D 2 F°°(z,u)u > aill^H 2 > p(\\u\\)forany (z, u) G Bjj^oo, RAxH^withu ^ 9, 
where p(t) = ^t 2 . 

Proof. By (12.1 II ) it suffices to prove that F°° satisfies conditions (ii)-(iv). 

Step 1. For any z G -8^(00, Ri), u + G X+ and u\ ,u 2 G as in the proof of 
IfPJl Lemma 2.17], since the function 

u h-> (A(z + h°°(z) +u + + u),u 2 - Ui) ii- 
is continuously directional differentiable, by the condition (F2oq) and the mean value 
theorem we have a number t G (0,1) such that 

[D 2 F°°(z, u + + u 2 ) - D 2 F°°(z, u + + u^)}{u 2 - u{) 
= {A(z + h°°(z) + u + + u 2 ), u 2 - u^) H - (A(z + h°°(z) + u + + uf), uj - %)# 

= (da(z + h°°(z) + u + + Ui + t{u 2 — wr))(' u 2 _ — M r)) m 2 ~ u i) 11 

= (B(z + h(z) +u + + u{ + t(u 2 - Ui))(u 2 - % ), u 2 - u{) H 

— a oo||^2 ^1 II ) 

where the third equality comes from (F3oo), and the final inequality is due to Lemma l23f iii). 
Hence the density of X+ in if + leads to 

[D 2 F°°(z, u + + u 2 ) - D 2 F°°(z, u + + u^)](u 2 - u±) < ~a \\u 2 -u^\\ 2 

for all z G Bho (00, Ri), u + G H + and u 2 G H . This implies the condition (ii). 

Step 2. For z G Bjig, (00, Ri), u + G X+ and u~ G H^, using (12.111 ), the mean value 
theorem and (F2 00 )-(F3 00 ), for some t G (0, 1) we have 

D 2 F°°(z,u + + u~){u + - u~) 
= D 2 F°°(z, u + + u~)(u + - vT) - D 2 F°°(z, 9)(u + - u~) 
= (A(z + h°°(z) + u + + u~),u + - vT) H - (A(z + h°°(z) +9),u + - u~) H 
= (B(z + h°°{z) + t(u + + u-))(u + + u-),u + - u-) H 

= (B(z + h°°{z) + t(u + + u-))u + , u + ) H - (B(z + h°°(z) + t(u + + u~))u", u~) H 
>ai||M + || 2 + a-oo ||?/ — 1| 2 . 
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The final inequality comes from Lemma I2.5IT ) and (iii). The condition (iii) follows be- 
cause X+ is dense in if + . 

Step 3. For z G .8^(00, i?i) and u + G X+, as above we may use the mean value 
theorem to get a number t G (0, 1) such that 

D 2 F 00 (z,u + )u + = D 2 F°°(z,u + )u + - D 2 F°°(z,6)u + 

= (A(z + h°°(z) + u + ), u + ) H - (A(z + h°°(z) + 6),u + ) H 
= (B(z + h°°(z)+tu + )u + ,u + ) H 
> ai||w + f- 

The final inequality is because of Lemma |2.5f i). The condition (iv) follows. □ 

[ Note: The condition > is essentially used in the proofs of the above lemma. 
If z/qo = the arguments before Lemma [2741 is not needed. In this case Lemmas |2.4[ 12.51 
also hold with = {9}. When replaceing F°° with C the corresponding conclusions 
in Lemma [2761 cannot be proved if no further conditions are imposed on C. (See proof of 
Lemma [2 .161) . ] 

Now Bf/o^oo, Ri) is only locally compact, we cannot directly apply Theorem 12. II to 
the function F°°. Recall that the compactness are only used in Step 1 and Step 6 of proof 
of [fT3l Theorem A.l]. (cf. the proof of more general |[T3l Claim A. 3]). We shall directly 
prove these two steps in the present case. To this end we need the following result. 

Lemma 2.7. (i) Let {zt} C Voo fl and {uk} C such that \\zk\\ — > 00 and that 
\\uk — Uq\\ for some Uq G H. Then 

F co (z k , u k ) ^(.B(oo)uo, Uo)h as k 00. 
(ii) If C(u) = |(I?(oo)m, u)h + o(||m|| 2 ) as \\u\\ — > 00, then 

^\\u + \\ 2 - 2113(00)11 • IKH 2 - 2||£?(0 ° )l12 • \\h°°(z)\\ 2 - ^\\z\\ 2 

< 211^(00)11 ■ \\u + \\ 2 - ^f\\u-\\ 2 + °f\\zf + 2||jB(00)l|2 |lfe 00 (^)|| 2 - 

for any (z,u + ,u~) G £>j^(oo, i?i) x ii~+ x H^. Consequently, for any given 
(z , Uq) G Sffg^ (00, Ri) x if + there exists a neighborhood^, of it in Bjjo^ (00, Ri)x 
if + such that 

F°°(z, u + + u~) — > —00 uniformly in (z, u + ) G U 
as u~ G H~ and \\u~ II — > 00. 
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Proof, (i) Since F°° is continuous and is dense in we can choose {u' k } C 
such that ||w' fc - w || -»■ and |F°°(z fc ,M fc ) - F°°(z k , u' k )\ < 1/k for k = 1, 2, • • • . Hence 
we can assume that {u k } C in the sequel without loss of generality. 

Note that h°°(z k ) + stu k G X± C H± and 

Ik* + h°°(z k ) + stu k \\ 2 = \\z k \\ 2 + \\h°°(z k ) + stu k \\ 2 > \\z k \\ 2 
for all s, t G [0, 1] and k = 1, ■ ■ • . By (D2oo), for any u G H we have 

lim \\P(z k + /i°°(z fc ) + stw fe )w - P(oo)u|| = (2.13) 

fc— >oo 

uniformly in s, t G [0, 1]. Then the principle of uniform boundedness implies 

M(P) := swp{\\P(z k + h°°(z k ) + stu k )\\ L{H) | k G N, s,t G [0, 1]} < oo (2.14) 
Moreover, by (D3oo) we have also 

lim \\Q(z k + h°°(z k ) + stu k ) - Q(oo) || L(i0 = (2.15) 

k— >oo 

uniformly in s, t G [0, 1]. It follows from (12.131 ) and (12.141 ) that 

|(P(2fc + h°°(zk) + stu k )u k ,u k ) H - (P(oq)u ,u )h\ 

= \{P{z k + h°°(z k ) + stu k )(u k - u ),u k ) H 

+ (P(z k + h°°{z k ) + stu k )u , u k - u ) H 

+ {P{z k + h°°(z k ) + stu k )u ,u ) H - (P(oo)u ,u ) H \ 

< \\P(z k + h°°(z k ) + stu k )\\ L{H) \\u k - u Q \\ ■ \\u k \\ 
+\\P{z k + h°°{z k ) + stu k )u \\ ■ \\u k - M || 
+\{P{z k + h°°{z k ) + stu k )u ,u ) H - (P(oo)u ,u ) H \ -»■ 

uniformly in (s, t) G [0, 1] x [0, 1] as k — > oo. Similarly, from (12.151) we derive that 

\(Q(z k + h°°(z k ) + stu k )u k ,u k ) H - (Q(oo)u ,u )h\ -> 
uniformly in (s,t) G [0, 1] x [0, 1] as k ->■ oo. Since (I - + = Vife, 
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by the mean value theorem we obtain 



F^iz^Uk) = [ D£(z k + h°°(z k )+tu k )(u k )dt 
Jo 



{A{z k + h°°{z k ) + tu k ),u k ) H dt 



o 



(A(z k + h co {z k ) + tu k ) - A(z k + h°°(z k )),u k )Hdt 

n(B(z k + h°°(z k ) + stu k )(tu k ), u k ) H dsdt 



1 rl 




t(P(z k + h°°(z k ) + stu k )u k ,u k ) H dsdt 

'o Jo 

+ / / t(Q(z k + h°°(z k ) + stu k )u k ,u k ) H dsdt 
Jo Jo 

-» / / t(P(oo)u ,u ) H dsdt + / / t(Q(oo)u ,u )Hdsdt 
Jo Jo Jo Jo 

-l pi 



nt(B(oo)uo, UojHdsdt 
-(S(oo)wq, u ) h as k -»■ oo. 



(ii) Since < ||5(oo)|| and 



,00/ \||2 i ^oo ii +||2 i *^oo || — 1|2 



||B(oo)|| ■ \\h">(z)\\ ■ \\u + + u-|| < " 2 V Q J" ll^^ll 2 + ^ll^ll 2 + ^ ll« 



from (12.121) and (ll.lt we derive 



£(z + /i°°(z) + 

< i(5(cx))(/i 00 (z) + m + + u")> h°°(z) +u + + vT) H 
+ ^|| z + / l «( z )+ u + + tt -||a 

o 

= \{B(oo)u + ,u + ) H + ~(B(oo)u-,u~) H 

+ (B(oo)h°°{z), u + + u-) H + ^\\z + h°°{z) +u + + u-\\ 2 

< ±\\B(oo)\\ ■ \\u+\\ 2 - a^Wu-f + 115(00)11 • \\h°°(z)\\ ■ \\u + + u"|| 

+ ^|| z ||2 + ^||/,oo (z) ||2 + ^|| u +||2 + ^|| u -||2 

< 2||B(oo)|| • ||u+f - ^||u-|| 2 + ^\\z\\ 2 + l|B(00)l|2 ||fe°°(^)|| 2 . 
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Similarly, we have 



C{z + h co (z) + u + + u~ 



> l(B(oo)(h°°(z) +u + + u-), h°°(z) +u + + u-) H 



— ■ ■ 2 



- -^\\ z + h°°(z)+u + + u 

o 

11 

+ (B(oo)h°°(z), u + + u-) H - °^\\z + h°°{z) +u + + u'f 

> a^lu+r - i||B(oo)|| • |Kf - J!^l!!||/i«(z)||= - ^|| M +|| 2 - ^\\u-f 

_ Oco||^ 2 _ ^0||^oo (z) ||2 _ ^|| u +||2 _ ^|| M -|| 2 

> ^|| M +f - 2115(00)11 ■ |K|| 2 - I|jB(00)I12 • ||/i°°(z)|| 2 - ^fN| 2 . 
Hence 

^||u + || 2 - 2115(00)11 ■ ||«-|| 2 - I|jB(00)I12 • H/i 00 ^)!! 2 - — \\zf 

4 Gqo 4 

< £(2 + /l°°(z) +M++M") 

< 2115(00)11 • || M +|| 2 - ^|| M -|| 2 + ^||,2|| 2 + l|jB(00)l|2 ||fe 00 (z)|l 2 . 

4 4 (Zqo 

In particular, we have 

Since w+ + u~) = C(z + h°°(z) +u + + u-)-C(z + h°°(z)) by (12401) . the desired 

inequalities easily follow. □ 

For F°° we can directly prove the corresponding conclusions with Step 1 in the proof 
of Theorem 12.11 (given in Appendix A of [13]) as follows. 

Lemma 2.8. (i) For any r G (0, oo) there exists a number e r G (0,r) such that for 
each (z,u) G Bh^oo, Ri) x B H +(9,e r ) there exists a unique point ip z (u) G 
B H -(9, r) satisfying 

F co {z,u + ^ z {u)) = max{F°°(z, u + v) \ v E B H -(9,r)}. 

One has also (p z (0) = 9. 

(ii) If C{u) = j(B(oo)u,u)h+o(\\u\\ 2 ) as \\u\\ — >■ oo, for each (z,u) G B H o (oo, Ri) x 
5+ there exists a unique point ip z (u) G such that 

F°°(z, u + ip K {u)) = max{F°°(z, u + v)\ve H^}. 
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Moreover, ip z (9) = 9, and 



Mu + )\\ 2 < —\\B(00)\\ • ||U+|| 2 + i\\ Z \\ 2 + -ll-pil Hfeoo^iia 




Clearly, Lemma XL7\ ii) implies that for any bounded subset K C B H o oo), 



F°°(z, m + cp z (u)) > F°°(z, u) — y oo uniformly in z e K 



as u G if + and ||w|| — )■ oo. 

Later on we shall understand r = oo and = oo for conveniences in case 
(ii). Note that the cases (i) and (ii) of Lemma 12.81 correspond to Theorems 11.31 and 11.11 
respectively. Moreover, if Lemmas l2~4ll2.6l only hold in a set Bjj^ (oo, R') © (B H {9, r') fl 
X^), then z and r in (i) are restricted in B H o (oo, R') and (0, r'), respectively. 
Proof of Lemma [278] As at the beginning of proof of Theorem 12.11 (given in Appendix A 
of lfT3l ) we only need to consider the case dim if" > 0. 

(i) Since the function — > R, u~ i-> F°°(2;,m + + w~) is strictly concave by 
Lemma I2.6r ii). it has a unique maximum point on a convex set if existing. Clearly, it 
attains the maximum on the compact subset i? H -(#,r). Suppose by contradiction that 
there exist sequences {(z n , x n )} G -B^(oo, R\) x B H +(9, r) with x n — > 0, and {v n } C 
<9-B ff - (0, r) such that 



If {z n } is bounded we may assume up to subsequences that z n — > z G Bjjo^ (oo, i?i) 
and f n — >• f G dB H -(9,r) since both 5^(oo,i?i) and dB H -^(9,r) are compact. It 
follows from these and (12.161) that 



On the other hand, the mean value theorem yields a number s G (0, 1) such that 



by Lemma [2T6f i)-(ii). A contradiction is obtained in this case. 

Up to subsequences we assume that ||z n || — > oo and v n — > v G dB H -(9,r) in H. 
Then if* 3 u n := x n + v n — > v . By Lemma [2771 we get 



x n + v n ) > F°°(z n , x n + u) VmG B h - (0, r), Vn G N. 



(2.16) 



•^(^bj^o) > F°°(zq,u) VueB H -(9,r). 



F°°(z ,v ) 



= F°°(z , « ) - ^°°(^o, ^) = D 2 F(z , sv )v 

= - [D 2 F(z , sv ) (sv ) - D 2 F(z , 9) (sv )) 
s 

< - — \\svo\\ 2 = -^ooiboll 2 < = F°°(z ,9) 



F°°(z n , x n + v n ) -> ~(B(oo)v , vq) h < and 



F°°(z n ,x n )^-(B(oo)9,9) H = 0. 
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Hence (12.161) leads to (B(oo)v , v ) # > 0, and therefore a contradiction is obtained again. 

To see tp z {9) = 9, note that D 2 F co (z, ip z {6)) = 0. If <p z (0) ^ 9 then 

= [D 2 F oc (z, (p z (0)) — D2F°°(z, 9)}(ip z (9) — 9) < -a^W^f < 

by Lemma [2~!6T ii). which is a contradiction. 

(ii) By Lemma I2T6T ii) the function — > R, u~ i— > —F°°(z,u + + u~) is strictly 
convex. The second claim of Lemma l2.7l also shows that this function is coercive. Hence it 
attains the minimum at some point ip z {u + ) £ That is, the function — > R, w~ i— > 
F°°(z, u + + u~) takes the maximum at <^ 2 (u + ). As in the proof of Lemma 2.1 of [9] the 
uniqueness of (p z (u + ) follows from Lemma [2~!6T ii) as well. 

The proof that (p z (9) = 9 may be obtained as above. To see the another claim, by 
Lemma |277T ii), 

2||S(oo)|| • \\u+\\ 2 - ^y z (u+)\\ 2 + ?f\\z\\ 2 + nB{0 ° )r \\h™(z)\\ 2 

4 L Goo 

> F°°(z,u + + <p z (u + )) > F°°{z,u + ) 

Ooo || +, |2 _ 2||£?(oo)|| 2 . \\ h °°( z )f _ ^L\\ z f. 

The conclusion follows immediately. □ 

Remark 2.9. Note that a local maximum of a concave function (with finite values) on 
a normed linear space is also a global maximum. From Lemma IZffi i) it follows that for 
any r > there exists a number e T £ (0, r) such that for each (z, u) £ B H o (oo, R\) x 
B H + (9, e r ) there exists a unique point y? z (w) £ B H - (9, r) satisfying 

F°°(z,u + <p g (u)) = max{F°°(z,u + v) \v £ B H -(6,r)} 

= max{F°°(z, u + v)\vE H^}. (2.17) 

Define 

r c ■= sup{e r | r > 0}. (2.18) 

Then for each (2, w) £ Bh^ Ri) x B h + (9, rc) there exists a unique point </? 2 (u) £ 
H~ with y? 2 (6» + ) = 0~, such that 

F°°(z, u + <p z (u)) = max{F 00 (2, u + v) \ v £ 

Clearly, under the assumption (11.51 ), i.e. C(u) = |(S(oo)w, «)# + o(||u|| 2 ) as — > oo, 
we have r £ = oo by Lemma IZffi ii) (because = oo). [ Note: if Lemmas I2.4H2.6I only 
holdinaset B H ^((X), R')®(B H (9,r')nX±),wedefiner c := sup{e r | < r < r'j.Then 
for each (z,u) £ -B^(oo,-R') x B H +(9,r c ) there exists a unique f z {u) £ B H -{9,r') 
with <^(0 + ) = suchthatF°°(;z,w + y9 2 (w)) = max{F°°(z, u + u) | v £ (0,r / )}. 
In this case the following map j is only defined on Bh^ (°°5 R') x ($> r c)- ] 
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It is easily seen that the following map 

3 ■ Bsojoo,^) x B H +(9,r c )^R, (2.19) 
(z,u) ^ F°°(z,u + <p t (u)), 

is well-defined. 

Lemma 2.10. The map j is continuous, and for every z G Bh^ (oo, -Ri) the map 

B H +(9,r c ) K, 
is continuously directional differentiable. 

Proof. Clearly, it suffices to prove that the restriction of j to B H a^ (oo, Ri) x B H +^ (9, s r ) 
is continuously directional differentiable. 

If r < oo, since B H (oo, R x ) n B H (6, R) D is compact for any i? > as in 
Step 3 of the proof of Theorem 12 . 1 1 ( given in Appendix A of lfT3~1 ) we can get the desired 
conclusion from Lemma 2.3 of ||9l . 

If r = oo, i.e. (11.51) holds, for any (z , Uq) G Bjj^oq, Ri) x by Lemma l2T8f ii) 
there exists a bounded neighborhood U of it in Bjjo (oo, x ff+ and a positive number 
_R such that <p z (u) G Bh^O^R) for all (z, G U. Suppose that {(z ni u+)} converges 
to (z , Uq). As in Step 2 of the proof of Theorem 12.11 (given in Appendix A of [[TBI ) it is 
easily proved that ^> Zn { u n) ~~ ^ ¥z Q { u t) as n ~ * °o. Hence j is continuous in this case. 
The second claim follows from Lemma 2.3 of JH. □ 

By (12.171) . for (z,u) G £#^(00, X B H +(6,r c ) we have 

F 00 (z,u + (p z (u))>F 00 (z,u + v) VveH~. (2.20) 
Moreover, for any z G B~h%> (00, R±) we have also 

F°°(*,iO> ^|M| 2 V«eff+, (2.21) 
< -^Ikll 2 Vveff". (2.22) 
In fact, using the mean value theorem and Lemma [2ToT iv) we get 

F°°(z,u) = F 00 (z,u)-F 00 (z,e) = D 2 F 00 (z,su)(u) 

= -D 2 F°°(z, su){su) > a lS \\u\\ 2 > 
s 

for some s G (0, 1). If u ^ 6, the same reason yields a number s u G (1/2, 1) such that 
F°°(z,u) > F°°(z, u) — F°°(z, u/2) = D 2 F°°(z, s u u)(u/2) > ^-\\uf. 
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Similarly, we get a number s G (0, 1) such that 

F°°(z,v) = F°°(z } v) - F°°(z,0) = D 2 F QO (z,sv)(v) 

= -D 2 F co (z, sv)(sv) < -aocslMI 2 < 
s 

by Lemma l2T6U ii). Moreover, if v ^ 9 we have also a number s v G (1/2, 1) such that 
F°°(z,v) < F QO {z,v)-F co {z,v/2) = D 2 F°°(z, s v v)(v/2) < -^\\v\\ 2 . 
For r G (0, oo], z G Bh^oq, Ri) and (it, v) G B H +(6, e r ) x B H ~(9, r), define 

A /F°°(.z,u+ ¥ ) z (u)) 



4>i(z,u + v) 



-u if u ^ 9, 
if u = 9, 



^ 2 ( Z , M + U ) = <; f^^\\ (u-vz(w)) lf«^*(u), 

9 if« = ^(«). 

By Lemma |2.1Q[ the map 

V : Sflj, (oo,^) x (5 H +(0,£ r ) © B^r)) -> F± (2.23) 

given by ^(2, it + v) = ipi(z, u + v) + ^O^, w + u)» is continuous. Clearly, 

ip(z, u + v) G Im(^) n £f ~ if and only if u = 9, and 

F°°(z,u + v) = \\M^u + v)\\ 2 - \\M^u + v)\\ 2 . 
As in Step 5 in the proof of Theorem 12 . 1 1 (given in Appendix A of IfTBl ) we can prove 

Lemma 2.11. For each z G Bh° (°°> Ri) the map 

iP(z,-):B H +(9,e r )®B H -(9,r)^H± 

is injective whether r is finite or infinite. 

[ Note: If Lemmas [23H2Z1 only hold in a set B^oa, i?') © (##(0, r') n X±), we 
require 2; and r in this lemma and the following Lemma |2.12r i) to sit in B H o (00, R') and 
(0, r'), respectively. ] 

Now we are a position to prove the corresponding conclusions with Step 6 in the proof 
of Theorem 12 . 1 1 ( given in Appendix A of iTPIO . 

Lemma 2.12. (i) For any r G (0, 00) there is a number e r G (0, s r /A) such that 
B h+ {0, v^r) © B Hx (9, ^e r ) C 1>(z, B H +(9, 2e r ) © B H J9, r)) 
for any z G B H o (00, R x ). 
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(ii) If C(u) = j(B(oo)u,u)h + o(||m|| 2 ) as \\u\\ — > oo, that is, r = oo, then for each 
z G B H o (oo, the map 



is surjective, and hence bijective due to Lemma \2.11\ As a consequence we get 

1>-\H+ © H~) = B H oJoo, i2 a ) x (H+ © H~). 

Proof, (i) By (12.221 ) there exists a number C > such that 

F°°(z,v)<-C \/(z,v)eB H oJoc,R 1 )xdB H -(6,r). (2.24) 

Claim 2.12.1. There exists a number e r G (0, £ r /4) such that 

F°°(z,u + v) < (2.25) 

for any (z, u, u) G 5^ (oo, x B H +(9,2e r ) x dB H -(9,r). 
Suppose by contradiction that there exists a sequence 

{(z n ,M n ,w n )} C 5^(00,^1) x B H +(9,e r ) x dB H -(9,r) 

such that u n ^ 9 and F°°(z ni u n + v n ) > Vn. If {z n } has a bounded subsequence 
we can get a contradiction as in Step 6 of proof of Theorem 12.11 (given in Appendix A 
of lfT3"l ). Otherwise, after passing to a subsequence we may assume that ||^ n || — > 00 and 
v n — > vq. Then using Lemma I2771 D we derive 

F(z k , u k + v k ) ->• ]^(B{oo)v^ v ) H < as k ->• 00. 

This leads to a contradiction again. (|2.25l) is proved. 

Claim 2.12.2. One can shrink the positive number e r in (12.251) such that 

ip z {B H +{9,2e r )) cB H -(9,r/2) \/z G ^(00, Rj. (2.26) 

By a contradiction suppose that there exist sequences {z n } C B H o^(oo,Ri) and 
{«„} C B H +(9,e r ) such that 

and <£ Zn (u n ) B H -(9,r/2) \/n = 1,2,- ■ • . 

By Lemma [2781 each ip Zn [u n ) is a unique point in B H - (9, r) such that 

F°°(z n ,u n + (f Zn {u n )) = max{F°°(z n ,u n + v) | v G 5 H -(0,r)}. 

Since B H - (9, r) is compact, after passing a subsequence (if necessary) we may assume 

^K) ^oe \ B B -(9,r/2). 
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• If {z n } has a bounded subsequence, passing to a subsequence we may assume z n — >■ 
zo G -Si?^ (oo, Then by (|2.22l) we get 

F°°(z n , u„ + <^„(0) -> F°°(^o) < -^IM| 2 < < 

4 lb 

as n — > oo, and F°°(z n , u n ) — > F°°(zq, 9) = as n — > oo. This contradicts to the fact 
thatF°°(z„,M n ) < F°°{z n ,u n + ip Zn {u n )) Vn. 

• If {z n } has no bounded subsequences, passing to a subsequence we may assume 
||^ n || — >• oo. In this case Lemma \27J\ i) leads to 

F°°(z n ,u n + ip Zn (u n )) ->■ ~(B(oo)v , v ) H < -aoollwoll 2 < — ^— 

as n — > oo, and F 00 ^, u n ) — > \(B(oo)9,9)h = as n — > oo. This also yields a 
contradiction to the fact that F°°(z n , u n + <p Zn (u n )) > F°°(z n , u n ) Vn. 
Claim 2.12.2 is proved. 

For (z,u) e 5^(00,^1) x B n + (9, 2e r ), by (I2T20T ) and (I2T2TT) we get 

+ >F°°(z,u) > ^||m|| 2 . (2.27) 

This and (|2.25l) imply that 

F°°(z, u + (p z (u)) - F°°(z, u + v)> ai e 2 r (2.28) 

for any (z,u,v) e Bjj^oo, Ri) x dB H +(9,2e r ) x dB H -(9,r). 

Note that (I2T241) . (12T251) . (I2T261) . (I2T271) and (12^281) correspond to (A.2), (A.3), (A.4), 
(A. 5) and (A. 6) in Step 6 in the proof of Theorem 12.11 (given in Appendix A of [fT3l ). 
respectively. Using these and repeating the remained arguments therein (i.e., Step 6 in the 
proof of Theorem 12.11 given in Appendix A of |fT3l ) we may get 

B H +(0,^e r ) C ^i(z,5 H +(#,2e r )) 

and the desired conclusion (i). 

(ii) For any given (u + ,u~) E ff+ x If~, without loss of generality, we assume 
(u+, u~) ^ (9, 9) because ip(z, 9) = 9. 

• lfu + = 9 then vr ^ 9. Since (12.171) and Lemma l2~77t ii) imply 

= F°°(z, ip z (6) > F°°{z, u) -> -00 as u E H~ and ->■ 00, 

the intermediate value theorem gives a number t > such that — = ||^~|| 2 . 

Set m" := tu~. Then V'lCz, # + u~) = ipi(z, 9) = 9 and 

^ 2 {z,9 + u ) = r— -— [u -ip z {9) = u . 
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Namely, ip(z, 9 + u~) = (9, u~). 

• Let u+ ^ 9. By Lemma EI£ii), (p g (9) = 9 and F°°(z, u + (p z (u)) oo as u G #+ 
and ||w|| — >■ oo. Lemma lOOl also tells us that iJ+ 9n4 F°°(z, u+ip z (u)) is continuous. 
By the intermediate value theorem we have a number t > such that 

+ ^(tu + )) = ||u + || 2 . 

Set ii + := tu + . Then ^(z, w + + v) = u + for any v G if~. If w~ = 0, then 

•02 (2, u + + u~) = 9 = u~ for u~ = ip z (u + ). 

If u~ ^ 9, we define a function g : [0, 00) — > R by 

g(s) = F°°(z, u + + <p g (u+)) - u + + <^(« + ) + sit"). 

Then g(s) > 0, g>(0) = and g(s) — > 00 as s — > 00 by Lemma l277f ii). Using the 
intermediate value theorem may yield a number s > such that g(s ) = || 2 . Hence 
for u~ := (p z (u + ) + s u~ G iif~ we get 

y/F°°{z, u+ + p z (u+)) - F°°{z, u+ + u-) _ + 

— — — (w -ip z (u + ))=u 

\\u -ip z (u + )\\ 

This shows ip(z, u + + u~) = (u + , u~). 

Summarizing the above arguments we have proved that the map ip(z, •) is surjective. 
The other conclusions of (ii) easily follows. □ 

The cases (i) and (ii) of Lemma l2.12l correspond to Theorems 11.31 and ITTTl respectively. 
If Lemmas |24ll2.6| onlv hold in a set Bh^ (00, R') © (B H (9, r') fl X^), we require z and 
r in Lemma I2.12IX ) to sit in B H o (00, R') and (0, r'), respectively. 

The following two lemmas give the corresponding conclusions with Step 7 of the 
proof of Theorem 12 . 1 1 ( given in Appendix A of lfT3~10 in the cases of Theorems ll.ll and ll.3l 
respectively. 

Lemma 2.13. Let C(u) = h(B(oo)u, u)h + o(IM| 2 ) as \\u\\ — >■ 00. (That is, r = 00). By 
Lemma \2.11\ and Lemma \2.12U i) we have a bijection 

B H oJoo, J2 X ) x (H+ © H-) -> B H0 Joo, Rj) x (H+ © H~), 
(z, u + v) \-t (2, ^(2, u + v)). 

Its inverse, denoted by (p, has a form 



<f>(z, u + v) = (z, (j) z (u + v)) := (z, v! + v'), 
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where (u', v') G if + x is a unique point satisfying u + v = ip(z, u' + v'). Then (p is 
a homeomorphism and 

F°°{(f){z,u + v)) = \\u\\ 2 - \\v\\ 2 

for any (z, u, v) G -Bj/o, (oo, R\) x if+ x if~. in particular, for each z G S^o (oo, 

2 (and so ^ 2 = ^(z, •) ) is a homeomorphism from if + © if^ onto if + © if^. Moreover, 

4>(z, u + v) belongs to Im(?/>) n (B H o (oo, R\) x if ~ ) i/and only ifu = 9. 

Proof. By Lemma (2T2Ui) it suffices to prove that is continuous. Suppose that 

(z , u' , v' q ) G Bh^oo, Ri) x H+x and 
{{z n ,u' n ,v' n )} C B H o (oo,Ri) xH+xH~ 



satisfy: z n — > z and 



u n := ^x(z n ,u' n + v' n ) u = ^i{z ,u' + v' ), 

Our goal is to prove that u' n — >■ Mq and — )■ v' . 
Step 1. Prove that {u' n } and {v' n } are bounded. 
For each n either u' Tl = 6 ox u' n ^ 9 and 

Un = iuTIi u - 

II "nil 

and hence 

IKH 2 = F°°(z n ,< + ^«)) > f-k.O > jlKf 

by (12.201) and (|2.21l) . Since ||w„|| — > ||w || we deduce that {w^} is bounded and that 
u' n — > 9 = u' as n — > oo if u' = 9 (and so u = 9 by the definition of tpi). 
For each n either v' n = <p Zn «) or < ^ y> 2 „ «) and 

u " = K-^«)ll " 

In the latter case F°°(z n ,u' n + (f Zn (u' n )) - F°°(z n ,u' n + v' n ) = \\v n \\ 2 . Since {<}, 
{z n } and thus {h°°(z n )} are bounded, it follows from Lemma l2~ffi ii) that {pz n (u' n )} 
is bounded, which implies by Lemma l277t ii) that {F°°(z n , u' n + <p Zn (u' n ))} is bounded. 
Hence {F oc (z n ,u' n + v' n ) \ v' n ^ l Pz n (u' n )} is bounded. Using Lemma l277f ii) again we 
deduce that {v' n \ v' n ^ (p Zn (u' n )} is bounded. The claim is proved. 
Step 2. Prove that u' n — > u' Q and v' n — > v' . 

The first claim has been proved if u' = 9. Let us consider the case u' ^ 9. Since 

\\i/;i(zq,u' + v' )\\ = y/j{zo,u' Q ) > 0, ipi{z n ,u' n + v' n ) -»■ Vi(^oX + v 'o) and nence 
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\\ipi(z n , u' n + v' n ) || > for large n, we deduce that for large n, u' n ^ 9 and j(z n , u' n ) 
||V>iO„, u' n + v' n ) || 2 converges to j(z , u' ). Now 



—r U n = Un ^U = tt-jt. U Q =^ —— ->• ——. 

\\ U n\\ \\ U 0\\ \\ U n\\ \\ U o\\ 

Suppose by a contradiction that {u' n } does not converge to u' . There exists a subse- 
quence {u' nk } and e > such that \\u' — u' \\ > e \/k. We may assume that \\u'\\ — > a 
due to the boundedness of {u' n }. Then {u' nk } converges to ]p-j| M o an d hence j(z nk , u' nk ) — > 
j(z , j§ju' ) = j(z , u' ) > 0. The latter implies 

OL 

^1(20, TTTi\ u o) = ^i(«b>«o)- ( 2 - 29 ) 
Foil 

Since {v' n } is bounded, we may assume that v' — > v 1 by replaceing {u' n } with a 
subsequence. Then 

^2(^0, ^^"o + v ) < — ^(^fc, w nfc + <4J = ->■ = V^o, «o + w o)- 
Foil 

Obverse that ipx is independent of elements in H^. By (12.291 ) we get 

fpi(zo, 7rm u 'o + v ') = i>i(zo,u' + v' ) 
Foil 

and hence 

Ot 

lJ)(Zo, 7T-r7[U' + V) =4l(ZQ } u' Q + v' Q ). 
Foil 

The latter implies that ]j^-j| M o = u 'o an ^ v> = v 'o because ip(z ,-) is one-to-one. It follows 
that a = 1 1 lip 1 1 and u' — > u' . This contradiction shows that u' n — > u' . 

Similarly, suppose by a contradiction that {v' n } does not converge to v' . There exists a 
subsequence {v'} and e > such that \\v' — v' \\ > e \/k. Passing to a subsequence we 
may assume v' n — > v' as above. Then we also obtain a contradiction because 



V^OoFo + V> ) < lp2(Zn k ,u' nk +V' n j = V nk ^ V = 1p 2 (z , Uq + v' Q ) 

and hence i>(z , u' + v') = 4>(z , u' + v' ) by (12.291) . which implies v' = v' . It contradicts 
the assumption that \\v' — v' \\ > e. □ 

Lemma 2.14. For any r £ (0, 00) ?/zere exista a number 5 r > smc/i ?/za? 

5^(00,^) x (^(Mr)®^^)) 

is contained in 

U(R u r) := V -1 (5 H + (0, v^Te r ) © B H - (0, v^7e r )) . (2.30) 



35 



By Lemma \2.11\ and Lemma \2.12H ) we have a bijection 

5^(00,^1) x (b h +(9, ^e r ) ® B H -(6, yfc[e r )) r), 
{z, u + v) ^ (z, ip(z, u + v)), 

whose inverse, denoted by 0, has a form 

(j)(z, u + v) = {z, (j) z (u + v)) := {z, u' + v'), 

where (u', v') G B H +^(9, Tjaie r ) x B H ^(9, ^Jait r ) is a unique point satisfying u + v = 
ip(z, u' + v '). This bijection <p is actually a homeomorphism and 

F°°((f)(z,u + v)) = \\u\\ 2 - \\v\\ 2 

for any (z,u + v) G U (R±, r). Moreover, (p(z, u + v) E Im(/0) fl (B H o (00, R\) x H^) if 
and only ifu = 9. 

Proof. We only prove the first claim. The proofs of others are the same as those of 
Lemma \2. 131 

Letr G (0, 00) be given. Since ip is continuous and ip(z, 9) = 9 for any z G B H o (00, R{), 
it is easily seen that for a given large R > Ri we have 

(B H oJoo,R 1 )nB H2o (9,R))x (B H +(9,5)®B H -(9,5)) GU(R u r) 

for sufficiently small 5 > 0. So if the conclusion in Lemma [2 .141 does not hold for this r 
then there exist sequences {z n } C £^(00, R{) and {w+ + u~} C \ {9} such that 
— > 00, + u~|| — ^ (hence ||w+|| — > and — > 0) and 

ip(z n , tt+ + u~) ^ 5^+ (9, y/ale r ) © S^- (0, ^e r ) Vn = 1, 2, • • • . 

The last relation implies that 

either \\ipi(z n , w+ + w~) || > ^[a[e r or ||^ 2 (^n, «n + u~ ) \\ > y/a[e r 

for each n = 1, 2, • • • . After passing to a subsequence two cases happen: 

• \\ipi(z n ,u+ +u~)\\ > yfa~[e r Vn = l,2,---. 

• \\ifa(zn, K + M n ) II > v^i e r Vn = 1, 2, ■ ■ • . 

In the first case, by the definition of ipi we have u + ^ 9 and 

F°°(z n , u\ + <p Zn (u+)) > *i4 Vn = 1, 2, ■ ■ • . 
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Since ||u+|| — > 0, we may assume that u+ G B H +^(9, e r ) and hence <£ Zn ( u n) e (0, r) 
for all n G N. After passing to a subsequence we may assume <p Zn (u£) v e /f~. 
Then Lemma [277ti) leads to 

+ -> ^( TO )%. )// < 

and hence a contradiction. 

In the second case we have m~ ^ <£z„(w^") an ^ 

F™(z n ,u+ + Vzn (u+))-F°°(z n ,u + n +u-) > ai e 2 r Vn = l,2,--- . 

As above we may assume <^ Zn (w+) — )■ v G i?^, and use Lemma l277f i) to obtain 

F™{z n ,ut + fzniO) - F°°(z n ,u+ + u-) -> ^(S(oo)« ,«o)fl < 0. 

This also gives a contradiction. Lemma l2.14l is proved. □ 

Note: If Lemmas I23B223 only hold in a set £^(00, i?') © (B H (0,r r ) H we 
require 2 and r in Lemma [2 .141 to sit in -Bf^ (00, i?') and (0, r'), respectively. 

Completion of proof of Theorem ll.il For the homeomorphism in Lemma l2.13l 

: B H2a (00, R t ) x (H+ © H-) ^ (00, ifc) x (#+ © ), 

(2, M + + l-> (z, 4> z (u + + It - )), 

by (12.101) we have 

C(z + h°°(z) + Mu + + u-))- C(z + h°°(z)) = +«")) 

— ||"u + || 2 — ||m _ || 2 

for any (2, u + , «~) G £#0^(00, i^) x x if". Define 

(2, u + + tt~) z + h°°(z) + 4> z (u + + u~). 

Since h°° takes values in H^, it is easy to check that $ is a homeomorphism from 
BhoJoo,^) x (H+ © H-) onto Bjjojoo,^) x (F+ © #~) (by Lemma EBfc and 
that 

+ = ||u + f - ||^-|| 2 + r(z + 

for any (2, u + , u~) G (00, R) x if+ x The other conclusions in Theorems ll.il 
directly follow from Lemmas [231 E3 O CTu). l2~T0ti2~T2T ii') and Lemma l2T3l □ 



37 



Completion of proof of Theorem 11.31 For the homeomorphism in Lemma [2 .141 

<j> : U(Rt,r) -> 5^(00,^1) x ^5^+ (0, y/a[e r ) + B H - (9, y/a[e r 
(z,u + v) ^ (z,(f) z (u + v)), 

as above we may use (12.101) to get 



C(z + h°°(z) + <f) z (u + + it")) - C(z + h°°(z)) = \\u + \\ 2 - \\u-\\ 2 

for any (z, u + + u~) G U(R\,r). 

By Lemma [2 .141 and Lemma |2.12r i) we have 

C ^(00,^) x ^(^e^S.JMjc^; 
(because we may assume 2e r < r). Define 

$ : C RlA ->■ if, (2, m + + u - ) i-> 2 + + + u"), 

and V(R, r) := $ (C RjSr ) for every R>R X . Note that is a map from Bjq (00, to 
B x ± (8, p A ) by Lemma [2721 One easily prove that 

,r+pA ■ 

By Lemma |2.14[ (as in the proof of [fT3l Lemma 2.18]) one may prove: 

(i) V(R\ 1 r) is an open set of H, 

(ii) $ is a homeomorphism from C Rl> s r onto V(Ri, r), 
(Hi) for any (z, u + , u~) = z + u + + W e C Rl}Sr , 

+«-)) = ||m+|| 2 - ||i4-|| 2 + £(z + /i°°(,z)). 

The other conclusions in Theorem 11.31 follow from Lemmas 12.21 12.31 [2/71 12.8I T), 12. 101 - 
I2l27 n and Lemma EH D 

By the Note in Remark [2791 and the Notes under Lemmas [231 [2781 [27TTI [2~13l 127141 one 
may obtain the conclusions in Remark [1741 Similarly, that of Remark [T72~1 can be obtained. 

Remark 2.15. (i) Under the assumptions that 

C is C 2 and D 2 C(w) = B(oo) + o(l) as -> 00, (2.31) 
by increasing Ri we may assure that the map 

B H o(oo,R 2 ) x B H +(6,r c ) -> #~, 0,«) 1— >■ ^ z (w) 
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is C 1 . In particular, if (11.51) holds then (z, u) i— > <^ z («) gives a C 1 map from 5^(00, x 
if + to if ~ . As a consequence, the map j in (12.191) is C 1 on (00, x B H +^ (9, r c ). 

In fact, since C is C 2 , h°° is C 1 by the final claim of Lemma [2T2l Moreover, by Re- 
mark |2.9l y^(?i) G if^ is the unique maximum point of the function 

H~ ->• E, u !->■ F°°(z, u + u) = £(2 + h°°(z) +u + v)-C(z + h°°{z)). 

We derive (V£(z + h°°(z) + u + (p x (u)),v) H = G H~, that is, 

P~VC{z + h°°(z) +u + <p z (u)) = 9. 

Consider the map 

S : ^(00,^1) x B H +(9,r c ) x H~ ->• Jf~ 

given by w, u) = P^VC(z + h co (z) + u + v). It is C 1 and 

A,S(*, it, = P-£> 2 £(z + h™(z) + u + : H~ -> ff" . 

Since ||z + + u + <^(u)|| 2 = |M| 2 + \\h°°{z) + u + (p z (u)\\ 2 > \\z\\ 2 and 

D 2 C(w) = B(oo) + o(l) as ||iu|| — > 00 we can increase Ri so that for any (z,u) G 
-Bj/o^ (00, x -B H + r £ ) the operator Z)„5(^, w, <£> z (/u)) has a bounded inverse. Hence 
the desired conclusion follows from the implicit function theorem, 
(ii) Under the assumption (12.311) . the homeomorphism 

r l ■ B H oJoo,R 2 ) x (B H +{e,y/^e r ) + B H -{9,^e r )) ^U(R 2 ,r), 
(z, u + v) i-> (2;, V>(z, w + v)), 

is C 1 on Bh^oo, Ri) x (B h +(9, ■ s /ale r ) + B H -(0, y/a[e T )) \ A r , where 
A r := j 0, u + <p z (u)) I u) G (00, #1) x B H + (9, r c ) } 

is a C^-submanifold of .Bjjo (00, i?i) x if± of codimension /x^. 

Indeed, it has been proved that the map j in (12.191 ) is C l on -Bj/o, (00, i?i) x -B#+ (9, r c ) 
above. Then the construction of tp directly gives the desired conclusion. 

Let V(Ri, r) be as in the proof of Theorem II .31 Write a point of V(R 1 , r) as (z, u + + 
u ), where z G Bjj^oo, Ri) and u* G H^, * = +,—. It is easily checked that : 
V(R U r) C RlA is given by 

<$>-\z,u + +u~) = <f>-\z,u + + u~ -h°°(z)) =(z,^(z,u + +u~ - h°°(z))). 

Note that h°° is C 1 (because C is C 2 ). Hence is C 1 outside the submanifold of 
codimension /j^, 

A r := {(z,u + <p g (u) + h°°{z))\{z,u) G 5^(00,^1) x £ H +(0,rc)} 
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Furthermore, if (11.51) holds, the restriction of 1 to B H o a (oo, R\) x (if + © i?^), 
5^(00, i?0 x (H+ © -> (00, Rt) x (#+ © ff"), 
(z, u + v)\-> [z, i>(z, u + v)), 

is C 1 outside Aoo := {(z,u + (f z (u)) | (2, u) G £^(00, x Since 

dT 1 : (oo, R t ) x © #~ ) ->■ ^ (00, i?x) X (H+ © #~) 
is given by 

<$>-\z,u + +u~) = +vT -h°°(z)) = (z,^(z,u + +u~ - h°°(z))), 

we see that is C 1 outside the submanifold of codimension fx^, 

:= {(z,u + <p z (u) + h°°(z)) I {z,u) G (00,^0 x #+}. 



2.2 The proof of Theorem Q 



2.2.1 Case = 0, i.e., H~ = {9} 

By (fTTTb and (11.121) . for any u G B H (oo, R) n X we have 

DC{u)u = DC(u)u — (B(oo)u,u)h + (B(oo)u,u)h 

= (A(u) — B(oo)u,u)h + (B(oo)u,u)h 

> 2a 00 ||w|| 2 — ||A(w) — £>(oo)w|| • ||w|| 

> (2aoo - A)||w|| 2 > aoolltiH 2 . 

Since C is continuously directional differentiable and X is dense in H we get 

DC(u)u > a^HI 2 Vw G B H (oo,R). (2.32) 

Define ^ : 5 H (oo, R) -> # by ^>(u) = ^pw. 
Claim, ip is injective. 

In fact, if there exist Mi,«2 G B h (oo,R), u x 7^ w 2 , such that — ^{ u 2}- Then 

£(iti) = C(u 2 ) and so «i/||wi|| = 1*2 / 1 1 ^2 1 1 - This implies 7^ ||u 2 ||. We may assume 
||^2|| > ||wi||. Then u 2 = kui, k > 1. Obverse that tu\ + (1 — t)u 2 = (t + (1 — t)k)ui G 
£^(00, i2) for all t G [0, 1]. We derive 



C(u 2 ) — C{ui) = C(tu 2 + (1 — t)u\ 



\t=o 



DC{tu 2 + {l-t)u x ){u 2 -u x ) 

DC([tk + (1 - t)]ui)((Jfe - l)ui) 
fc — 1 

-D£([tfc + (l-t)]tti)((tJfc+l-t)«i) 



tfc+ (1 -t)' 



= a oc (fc- l)(tjfe + 1 -^)IM| 2 > 
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because of (|2.32l) . This contradiction shows that ip is injective. 
By (11.1 lb , for any u E B H (oo, R) = B H +(oo, R) we get 

(aoo + A)||?i|| 2 > C{u) > (aoo- A)||«| 

and hence 

C(u) 



u 



VZaoc > n ,| > Vfloo - A VueB h (oo,R). 



For C E B H (oo, y/2o^R) let ( = Take £ 2 > 1 such that 



\jW2C) > Vooo-At 2 ||C|| > IICII > v^i? = v^HCll > V^)- 

Since £ 1-> is continuous, the intermediate value theorem yields a number t\ E [1, £2] 
such that IICII = ^/ZJtiC) and hence 

*^ = ^-iiSi = »<»-lifii = <- 

This shows that 



B H (oo, V2o^R) C ip{B H {oo, R)). 

Hence for each u E Bh(oo, y/2a OQ R) it follows from the above claim that there exists a 
unique <fr(u) E B H (oo,R) such that ip((f)(u)) = u. Clearly, the map : B H (oo, y/2a 00 R) — >■ 
Bh{oo, R) is injective. By the definition of ip, 



u = ^(u))= v ,ffffiW ) and so = ||n|| 2 

llwll 



for any w G B h (oo, y/2a oc R). Since 



v2a^ > n r? mi > V a oo - A, 



we deduce that 

llwl 



< \\<j>{u)\\ < -- \\u\\ \/u E B H (oo, VZa^R)- 



v2ooo V 0,00 — A 

Let {(k}T=i c B H (oo, v / 2a^-R) converge to ( E B H (oo, y/2a 00 R). Set rj k = 0(00 and 
rj = 0(C)- Then = Cfc and ^(77) = C So ||G|| ||C|| implies £(%) -)• £(77). Note 

that 

i>(Vk) = — n — r/* = n , n Cfc and = I, I, V = n>n C- 

IMI INI Nl IKll 

We deduce that r\ k — > r\. That is, is continuous. Hence is a homeomorphism onto its 
image and satisfies: £(0(u)) = \\u\\ 2 \/u E B H (oo, y/2a oc R). Taking £H = y/2a OQ R gives 
the desired conclusion. 
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2.2.2 Case > 

Note that Lemmas [231 [13] still hold with = {9} under the conditions (C1 00 )-(C2 00 ) 
and (Dqo). Let us give the corresponding result with Lemma [2^6] 

Lemma 2.16. Let R± > be as Lemmas \2.4\ 12.51 and R 2 = max{i£, R\}. Then 

(i) [DC{u + v 2 ) — DC{u + t>i)](t>2 — Vi) < — a.oo||^2 — v i \\ 2 < 0/or any u G with 
\\u\\ > R 2 , and vi,v 2 G with v\ 7^ v 2 ; 

(ii) DC{u + v){u — v) > ai||M|| 2 + cioolMI 2 > for any (u,v) G x wzY/i 

M)^(M); 

(z'z'z) DC(u)u > aoollwH 2 > p(||w||)/or a/ry u G wz'zTz ||m|| > R, where pit) = ^t 2 . 
Proof, (i). For any u + G with ||w + || > R\ and Ui,u 2 G -f/^,, since the function 

I9u4 + u), u 2 — U^)h- 

is continuously directional differentiable, by the condition ^2^) and the mean value 
theorem we have a number t G (0, 1) such that 

\dc{u + + u 2 ) - dc(u + + «r)](«2 - «r ) 
= + n 2 - - + «r)> ^2 - ^r)^ 
= + Ui + t(-u 2 - u^),u 2 -«r) H 

^ ^0011^2 ^1 II ; 

where the third equality comes from (F3oo), and the final inequality is due to the fact that 
\\u + + Ui +t(u 2 — «i~)|| > ||^ + || > -Ri and Lemma l2~3f iii). Hence the desired conclusion 
follows from the density of in if+ . 

(ii) . By (Q2l) . ||A(u) - B(oo)u\\ < X\\u\\ for any u G X with > i? 2 - Because X+ is 
dense in as above it suffices to prove the conclusion for u + G X+ with ||w + || > R 2 , 
and u~ G i/^. Note that \\u + + || > R 2 . We have 

= (A(m + + - B(oo)(u + + u~),u + -u~) H + (B(oo)(u + + U~),U + - u )}{ 

>(B(oo)u + ,u + ) - (B(oo)u~,u~) H - \\A{u + + u~) - B(oo)(u + + u~)\\ ■ \\u + - u~\\ 

>2a 0O (||M + || 2 + ||«-|| 2 ) - X\\u + + u-\\ ■ \\u + -u~\\ 

= 2a 0O (|| M +|| 2 + ||n-|| 2 ) - Xy/\\u+ + U -\\ 2 - y/\\u+- U -\\* 

= 2a 0O (|| M +|| 2 + || M -|| 2 ) - AVlk+H 2 + || ^ || ^ . v1kT + IMI 2 

>aoo(||« + || 2 + ll^ll 2 )- 

(iii) can be proved as that of (I2.32I ). □ 
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By (11.111) . for any u + + u G B H (oo, R 2 ) we have 

C(u + + u~) < -(B(oo)(u + + u~),u + +u~) + X\\u + + u-\\ 2 

= ^(B(oo)u + ,u + ) + i(S(oo)u-,u-) + A||m + + M -f 

< ||£(oo)|| ■ \\u + \\ 2 - aoollw-f + X\\u + \\ 2 + X\\u-\\ 2 

< 2||5(oo)||||?i + || 2 - (aoo - A)||m-|| 2 (2.33) 

because (|l.ll) implies the inequality a m < ||fi(oo)||. In particular, for any u + G if+ it 
holds that + u~) — >• -oo as G and — > oo. By Lemma |2.16T i), for each 
u + G if+ with \\u + \\ > R 2 the function 3 u~ i-)- — + it - ) is strictly convex. 
Hence #~ 9 u~ i— >• + u~) attains the maximum at a unique point 9? G 

Define 

u + ^ C{u + + V {u + )). 
Then — >■ +00 as u + G iJ+ and ||w + || — > 00 because 

£(u + + V (u + )) > C{u + ) = ^(B(oo)u + ,u + ) - \\\u + \\ 2 > ( Ooo - \)\\u + \\ 2 . (2.34) 

As in the proof of Lemma 12.101 we may prove that j is continuous, and continuously 
directional differentiable. For [u, v) G B H + (00, R 2 ) x define 



V>l(li + f ) = V V „ „ V " tt, 

||u|| 

if v = 

Then the map 

V> = Vi + ^2 : ^+(00, fl 2 ) ®H~^H± (2.35) 

is continuous, and satisfies: £(u + i>) = + t>)|| 2 — HV^Cu + v )\\ 2 - 

Foru G B H +(oo,R 2 ), since ||?i + y?(u)|| 2 = ||u|| 2 + ||y?(u) || 2 , by d233i-d234D we have 

2||5(oo)|| |M| 2 > £(u + tp(u)) > C(u) > (aoo - A)|M| 2 . (2.36) 

For C G B H + (00, ^2115(00)11^2) let C = #fr C B Y <l236l) we may take t 2 > 1 such that 

y/ C(t 2 £ + <p(t 2 ()) > V«oc-A-t 2 ||C|| 



> ||c||>V2pM]l^ 



2 
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Since t h->- £(t£ + <£>(*C)) i s continuous, as above we have a number t\ G [1, t 2 ] such that 
HCll = v / ^(iiC + ^(tiC))and hence 

Let £ G #~ and ^ 0. Note that the function 

[0, oo)9m £(t x C + fihO) - C(hC + <p(h() + sv) 

takes over all values in [0, oo) for any v G \ {9}. Take v = £. We have a number 
s > such that 

y/c^c + y>(tiO) - £(tic + v(*iO + *o = lien- 

Set u := v?(*iC) + s£. Then 

+ = V£( t ,C + ^C))-£( tl C^ i (B _ fl = m s5 = e . 
Ik-wOII Kll 

Hence ip(ti( + v) = ( + £. This shows that 

B H +(oo, ^2\\B(oo)\\R 2 ) ® H x C ^(B H (oo,R 2 )) = ^ x (B H (oo,R 2 )) ® H~. 

As in the proofs of Lemma l2.1 1[ Lemma l2.12r ii) and Lemma l2.13l we can show that ip 
is a homeomorphism onto its image (by increasing R 2 > if necessary). Let <\> denote the 
restriction of ip- 1 to B H + (oo, ■ v /2|| J B(oo)||i2 2 ) © H~. Set = ^^(oo)^- We get 

£(0(u + v)) = |H| 2 - |M| 2 V(u,v) G B H +(oc,<R) x #~. 

3 Relations to previous splitting lemmas at infinity 
3.1 Relations to the splitting lemma at infinity in [2 J 

We begin with the following elementary functional analysis fact. 

Lemma 3.1. Let A be a bounded linear self-adjoint operator on a Hilbert space H and 
let be an isolated point of a (Aq). Let H° = N(A ) = Ker(A Q ) and H + (resp. H~) be 
the positive (resp. negative) definite subspace of A . Suppose that both H° and H~ are 
finite dimensional and that there exists a number a > such that *(Au*, u*) > 2«||m*|| 2 
for all u* G H*, * = +,—. Then A can be expressed as a sum P + Q, where Q G L S (H) 
is compact and P G L S (H) satisfies: (Pu,u) > 2a\\u\\ 2 for all u G H. 
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Proof. Since A is self-adjoint and is an isolated point of a(A Q ), by Proposition 4.5 
of the range R(A ) is closed, and hence iV(A ) ± = N(Aq) 1 - = R(A ) = R(A ). 
It follows that R(A) = H + © H and H = H° © P(A) = #° © P~ © P+. Let 
P° : H H° © P be the orthogonal projection, which is an operator of finite rank and 
hence compact. Define operators P, Q G L S (H) by 

Pu = 2au if u G if , Pm = *A u if m G P*, * = +,-, 
Qu = A u~Pu if ueH°®H-, Qu = 9 if u e H + . 

Then A = P + Q, Q is of finite rank and hence compact, and P satisfies 



(Pu,u) H = {Pu u ,u u ) H +{Pu-,u-) H + {Pu + ,u + ) H 



> 2a||w°|| 2 + 2«||m"|| 2 + 2a||w + || 2 = 2a\ 



u 



|2 



for any u = u° + u~ + u + G H° © H~ © H + = H. □ 

Recall the following basic assumption in [2, p. 425]: 

(Aqo) f(x) = \(A x 1 x) H + g(x) where A : H — > H is a self-adjoint linear operator 
such that is isolated in the spectrum of A . The map g G E) is of class C 2 

in a neighborhood of infinity and satisfies g"{x) — > as ||x|| — > oo. Moreover, ^ 
and (/ map bounded sets to bounded sets. 

(Note: It was claimed below (A M ) in [|2l that (Aoo) implies: g(x) = o(||x|| 2 ) and 
g'(x) = o(||a;||) as — > oo, which are used in the proof of Lemma 4.2 of [2]. The 
assumption (A^) in [101 p. 226] also required g'(x) — > as ||x|| — > oo.) 

Claim 3.2. Under the assumption (Aqo), suppose that A has the finite dimensional kernel 
and negative definite subspace. Then the conditions of Corollary \1 . 6\ are satisfied. 

Proof. Since G (r(A ) is isolated, there exists a > such that *(Au*,u*) > 2a||M*|| 2 
for all u* G H*, * = +,—. By Lemma [3TT1 we may write A = P(oo) + Q(oo), where 
Q(oo) G L S (H) is compact and P(oo) G L S (H) satisfies: (P(oo)u,u) > 2a||w|| 2 for all 
u G H. We take P(oo) := A . Choose R > so large that ||#"(V)|| < a as \\x\\ > R. 
Since B(x) = A + g"{x) = P(oo) + Q(oo) + g"{x), we derive that 

{[B(x) - Q(oo)]u, u) H = (P(oo)w, u) H + (g"(x)u, u) H > a\\u\\ 2 

for all u G H and x G B H (oo, R). Namely, the condition (iii) of Corollary [L6] is satisfied. 
Clearly, the condition (iv) therein also holds since B(x) — B(oo) = B(x) — A = g"(x) — > 
as lldl — > oo. □ 
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That A has a finite dimensional negative definite subspace corresponds to the finite- 
ness of the Morse index at infinity, which is needed for computations of critical groups. 
The finiteness of dim Kei(A ) is naturally satisfied in the most actual applications. In this 
sense Claim [3T21 shows that Corollary 1 1.61 is a generalization of the splitting lemma at in- 
finity on the page 431 of [2]. Our homeomorphism is not necessarily C^-smooth, but we 
do not use the condition that g and g' map bounded sets to bounded sets yet. 

Consider the following weaker assumption than (Acq), which was given in Remark 2.3 
of HDlp.226]: 

(A^) f(x) = \(A x 1 x)h + g(x) where A : H — >■ H is a self-adjoint linear operator 
such that is isolated in the spectrum of A . The map g G E) is of class C 2 

in a neighborhood of infinity and satisfies: 3 a > such that 

*(A u, u)h > 2ck || 1 1 2 G H*, * = +, — and 
\\g"{u° + m ± )|| < a, g'{u° + m ± ) ->■ as ||u°|| -> oo 

where if = Ker(A ) and i/ + (resp. is the positive (resp. negative) definite 
subspace of A . Moreover, g and g' map bounded sets to bounded sets. 

Under this condition (A^,), Proposition 3.3 in IfTOl stated the following slightly differ- 
ent version of the splitting lemma of 0. 

Theorem 3.3 (flTOl Prop.3.3]). For any M > there exist R > 0, 5 > 0, a C 1 - 
diffeomorphism 

tp ■ C RoM = {u = u° + u ± \ \\u°\\ > Rq, ||m ± || < M} -> C R(h2M 
and a C x -map w : B H o(oo, Rq) — >■ W s = {u^ 1 G H ± \ Wu^W < 5} such that 

f{il){u)) = ^(A w, w) H + h(u°) Vw g C RoM , 

where h(u°) = f(u° + w(u )), 5 can be chosen as small as we please if we choose 
Ro large, and w = w(u°) is the unique solution of P ± f'(u° + w) =0. Furthermore, 
(h'(u°),0 = (g'(u + w(u°)),Oforany^e H°. 

Note: It was stated in |[T0l p. 235] that one may refer to Lemma 4.3 and its proof in 
El for the first part of this theorem. Carefully checking the proof of its generalization in 
(61 Th.2.1] we believe that the diffeomorphism ip in this theorem and Theorem 13.51 below 
should actually be from Cr 0j m onto an open subset V of Cr ^m (possibly satisfying 
y ~2 C Ro ^ r for some r > 0). In fact, the equation (2.19) in |[6l is solved on ball B El (0, 2M) 
for each fixed y G Y with \\y\\ > R. The condition that Hx^lU — |II X IU implies that 
for each x G B El (0, M) the initial value problem 4^(t) = xtm «j v(t) = x nas a unique 
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C^-solution rj : [0,1] — > r](t,x,y) G 5^(0, 2M), which depends C 1 -smoothly on the 
parameter (t, y) and initial value x. So B El (0, M) 3 x t-> 77(1, 2, ?/) G B El (0, 2M) is a 
C^diffeomorphism from -8^(0, M) onto some open neighborhood of in -8^(0, 2M). 
The desired tp given by ip(x, y) = 77(1, x, y) + w(y) + y, is a C 1 -diffeomorphism from 
Cr ,m onto an open subset V of C Ro ^m containing {y £ Y \ \\y\\ > R}. Since — > 

as \\y\\ —7- 00 it is possible to prove that for sufficiently large R > the image of ip 
contains some Cr ^ for small r > 0. 

Claim 3.4. Under the assumption (A^), suppose that Aq has the finite dimensional kernel 
and negative definite subspace. Then the conditions of Corollary \1 . 71 are satisfied. 

Proof. Following the notations in the proof of Claim |X2l since \\g"(u° + m ± )|| < a for 
all u° + u ± , as in the proof of Claim I3T21 we may prove that the condition (iii) is satisfied. 
It remains to prove that the condition (iv) holds in the present case. Now B(oo) = A 
and = H*, * = 0,-,+. Since *(B(oo)u,u) H > 2a\\u\\ 2 Vw G H^, * = +,-, 
the restrictions B(oo)\ H s '■ -)■ are invertible and || (i?(oo) 1//^ ) _1 1| < ^. Write 
H± = H^®H^ as before. Then B(oo)\ H ± : H± ->■ H± is invertible and 

(5(oo)| H ±rV + + u-) = (^(oo)!^)- 1 ^ + (S(oo)| H -)-V 

for any u + + u~ G + H^. This leads to 

ll(s(oo)| JB dL)- 1 (« + +t»-)|| a = IKsMifl+j-Vir + iKsCoo)!^)- 1 !*-!! 2 

< (^n\\u + w 2 +\\u-r) 

and hence = ll^oo)]^)- 1 !]^ < Since B(x) - B(oo) = g"(x), 

W B ( Z + V)\l& ~ B (°°)\h± \\l(H±) = \\9"(* + y)\ H ±\\ L (H±) < « < ^ 

for all y G and z G i?^,. Hence the condition (iv) holds with p A = 00. But M(A) = 
because g'(u° + u^) — > as — > 00 (we here only need g'(u°) — > as — >■ 00). 
We can also take pa to be any given 5 > so that the C 1 -map w in Theorem l3.3l is assured 
to take values in W s = {u ± G B ± | ||u ± || < 5}. Without the condition that g'(u°) — > 
as — > 00, we may also derive Theorem 13.31 except claims that ip is C 1 and w takes 
values in W s . □ 

Hence Claim [3T2l (and Note below Theorem [33]) shows that Corollary 1 1.71 is a gener- 
alization of Theorem 13 .31 We only need that sup \\g"(z + y) \ H ± \\ L ^ H ±^ < -^jzz for some 

1 < k < 2. This is better than the condition that sup \\g"(z + y)|#± IIl(h±) ^ ol < ^4?. 
Moreover, we do not use the condition that g and g' map bounded sets to bounded sets. 
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3.2 Relations to the generalization version in 

For convenience of comparison with ours we briefly review it in our notations. Let L : 
H — > H be a bounded self-adjoint linear operator. Let = Ker(L) and = (H^)^. 
It was assumed in [5] that L satisfies the condition 

(L) The operator L\ H ± : — ¥ is invertible and its inverse operator (L\ H ± ) _1 : 
— > is bounded. 

By Proposition 4.5 of this condition is equivalent to our (CIqo), that is, is at most an 
isolated point of the spectrum a(L). (See Proposition B.3 in lfT3l .) 

Denote by P^ the orthogonal projection onto H^. (Then / — P^ is such a projection 
onto H±.) For a C 2 functional 7 : H = © H± -> R, let D 2 F(x) be the Hessian 
operator of it at a critical point x. For z + u E H, where z E and u E H^, let 
V 2 T(z,u) E H± be defined by (V 2 J z (z,u) 1 v)h = d u T(z, u)(v). Then 

V 2 F(z, u) — {I — P^)VT(z + u). (3.1) 

There exists a unique operator J{z, u) E L S (H^) such that 

dlJ r (z,u)(v 1 ,v 2 ) = {J{z,u)vi,v 2 )h Vvi,v 2 E H±. 

It is easily seen that 

J(z, «) = (/- Pl)D{VF){z + u)\ H ± (3.2) 

because 



d 2 

dlj r (z,u)(v 1 ,V 2 ) = ^ ^ J I '(Z,U + StV! + S 2 V 2 ) 
= -J—{^2^{Z,U + S 2 V 2 ),V 1 ) H 

ds 2 



3l=0,S 2 =0 



s 2 =0 



- P^)VF(z + u + s 2 v 2 ), v 1 ) H 
((I-P oo )D(VT)(z + u)(v 2 ),v 1 ) H . 
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Theorem 3.5 (([5, Th.2.1])). For the above functional T and operator L, suppose that 
there exists some M > such that as \\z\\ — > oo one has 

(Li) ||(J - P^)VF(z + u)- Lu\\ -> uniformly for \\u\\ < M, 

(L 2 ) ||(/-P^)L>(V7-)(z + «)| ff ± -il^H^^Oiwi/onnfy/orlHI^M. 
TTzen ?/zere ens? i? > 0, a C 1 -homeomorphism 

■ C RM = {z + u\zE H^, u E H±, \\z\\ > R, \\u\\ < M} — »■ C R)2M 
and a C x -map h°° : S^o (oo, i?) — )■ (0, M) smc/i that 
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(i) T{i){z + u)) = \{Lu, u) H + T{z + h°°(z)) Wz + ue C RM , 

(ii) (I - P^)F(z + h°°(z)) = VzG B H oJoo, R), 

(Hi) \\h°°(z)\\ ->■ Oas \\z\\ -> oo. 

The following condition is slightly stronger than (L 2 ). 
(L' 2 ) IKJ-P^^V^^ + ^-Lll^i^O uniformly for ||u|| < M. 

Take X = H, A(z + u) = VP(z + u) and S(oo) = L. By (Li) we get 
M(A) = lim sup{||(/ - P^)A(z)\\ : zeH°, \\z\\ > R} = 0. 

R-^-oo 

Lemma 3.6. (i) (L 2 ) wip/iej (SEJJ holds for p A = M > = CfM(A). 
fiij (Li) and (L' 2 ) zmp/v ffca? (SEoo) holds for p A = M > = (7fM(A). 

Proof, (i) For any z G and Ui G with \\ui\\ < M, i = 1,2, using the mean value 
theorem in inequality form we derive 

|| (/ - Pl)A{z + u x ) - L Ul -(I- Pl)A{z + u 2 ) + Lu 2 \\ 

< sup \\{I-P^)DA{z + tu 1 + {l-t)u 2 ){u 1 -u 2 )-L{u 1 -u 2 )\\ 
te[o,i] 

< sup ||(/-P°)DA(z + t Ml + (l-t) U2 )| H ± -Ll^H-IK-uall. 

*G[0,1] 

From this it is easily seen that (L 2 ) leads to (SE^,) with p A = M. 

(ii) For any given s > 0, by (Li) and (L 2 ) there exists R > 3 such that 

\\(I-P^)A{z + u)-Lu\\<Me, (3.3) 
|| (/ - P°jDA(z + u)- L\\ L{H>H ^ < e (3.4) 

for any u G B H ±(6,M) and z G B H o(oo, R). Hence for any it, G B H ±(8,M) and 
Zi G B H o(oo, R + AM), % = 1, 2, if ||zi - z 2 || > 3M then from (1331) we derive 

|| (J - P^)A( Zl + Ul ) - L Ul - (I - Pl)A{z 2 + u 2 ) + Lu 2 \\ 
< 2Mb < 2e\\zi + u x - z 2 - u 2 \\ 

because \\z\ + u\ — z 2 — u 2 \\ > \\zi — z 2 \\ — \\ui — u 2 \\ > \\z% — z 2 \\ — 2M > M; and if 
II z\ — z 2 1| < 3M using the mean value theorem we get a number t G (0, 1) such that 

|| (/ - P°JA( Zl + x x ) - L Xl -(I- P°JA(z 2 + x 2 ) + Lx 2 \\ 
<\\(I- P^)DA(tz x + (1 - t)z 2 + tx X + (1 - t)x 2 )( Zl + x x -z 2 - x 2 ) 

-L(z x + x x -z 2 -x 2 )\\ 
<\\(I- P^)DA(tz x + (1 - t)z 2 + tx x + (1 - t)x 2 ) - L\\-\\z l +x 1 - z 2 -x 2 1| 
<e||zi +Xi - z 2 — x 2 \ 
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by (Q because \\tz l + (1 -i)z 2 || > INI - \\zi - z 2 \\ > R + AM - 3M > R + M. (ii) 
follows. □ 

Take B(z + u) = F'{z + u) = DA(z + u). We have 

Lemma 3.7. (Li) anJ (L 2 ) zmp/v that (D'^,) in Remark [L4\ holds for X = H. Moreover, 
if M = 00 in (Li) anJ (L' 2 ) then (D^) m Remark U .2\ holds for X = H. 

Proof. Let B(x) = D(VJ-")(x) and B(oo) = L. Since is at most an isolated point in 
cr(L), we have a positive number > such that 

(Lu,u) H > 2aoo|H| 2 Vw G F+, (Lu,u) H < -2a 00 ||M|| 2 Vw G if~. 

By (L' 2 ) we have a number R > such that 

||(/-P£)£(z + iO-£|| i( ^±) <«oo V^^GC, (3-5) 

where : = B^oo, R ) x (0, M). Set 

Woo : ^00 [0, 00), x H- ||(/ - Pl)B{x) - L\\ L{H>H ± y 

Then (L 2 ) implies that oj^x) — > as x G and ||x|| — >■ 00. 
For x G Woo and t> G P+ , we have 

v) H = (B(x)v, (/ - P^)v) H = ((/ - P£)£(z>, v) H 
= (Lv,v) H + ((I-P^)B{x)v-Lv,v) H 
> 2 aoo \\v\\ 2 - ||(J - P°jB{x) - L\\ ■ \\vf > aoo \\v\\ 2 

because (13.51) . Similarly, for all x G and t> G iP^ we have 

(B(x)v, v) H = (B(x)v, (I - Pl)v) H = ((I - P^)B(x)v, v) H < -a^vf. 

Finally, for all x G W<x, u G H and v G H^, we get 

\(B(x)u, v) H - (B(oo)u, v) H \ = \{B{x)u - B(oo)u, (I - P^)v) H \ 
= \{{I-P Q jB{x)u-{I-Pl)Lu,v) H \ 
= \{{I-Pl)[B{x) -L]u,v) H \ < WooC^IHI ■ HI 

since (/ - P^)Lu = L(I - P^)u = Lu. 

The second claim is easily seen from the proof above. □ 

By Lemmas 13.61 and [3771 under the assumptions (Li) and (L' 2 ), if L has the finite 
dimensional kernel and negative definite subspace, then Theorem \3.5\ follows from The- 
orem \1.3\ with X = H by Remark \1.4\ unless our homeomorphism is not necessarily 
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C l -smooth. Furthermore, if M = oo in (Li) and (L' 2 ) a stronger result follows from 
Remark [L2l that is, there exist a positive number R, a (unique) continuous map 
h°° : 5^(00, .R) -> satisfying ( |1 .6|> , and a homeomorphism : B 0^(00, R) © 
-> 5^(00, i2) © #± of form (TTT7) such that (018) and (i)-(v) in Theorem O 



4 A simple application 

To save the length of this paper we are only satisfied with a simple application of gener- 
alizing Theorem 5.2 in Q. Some of the results in ifTOl [121 151 may be generalized with the 
similar ideas. They shall be given in other places. 

Let f2 C W 1 be a bounded open domain with C 2 -boundary dQ, and let p : Q x R — > R 
be a Cartheodory function satisfying p(x, 0) = Va; G f2 and the following condition: 

(p) ao = lim^o uniformly in 1 6 fi, and a = hin^^oo EiEjR uniformly in x G fi. 

Consider the BVP 



It is called nonresonant at infinity if a is not an eigenvalue of — A with boundary con- 
ditions. Let q(x, t) = p(x, t) — at, qo(x, t) = p(x, t) — a$t, and 



hold. 



Note: (Li) + (L' 2 )= (LJ + (L 2 ) + the following (IXBT) . where 




(3.6) 



Am = p(-, u) in Q and = 0. 



(4.1) 




Here are the hypotheses on q given in I0. 



(gi) There exist constants C\ > and r G (0, 1) such that 



q(x,t)\ < ci(l + |t| r ) V(i,i)GflxK; 



(^2) There exist constants c 2 > and a > 1 such that 



or 



either 




(g 3 ) geC'ffixR) and 



t) — >■ as \t\ — »■ 00 uniformly in x G Jl; 



(#4 ) ±Qo(^, t) > for |t| > small, x G fi; 
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Theorem 4.1 (B2l Th.5.2]). Let the assumptions (p) and (qi)-(q 3 ) be satisfied. 

(a) Ifa is not an eigenvalue of —A then rt4.il) has at least one nontrivial solution pro- 

vided a < \ m < a or a < \ m < a for some m G N. 

(b) If a = X m is an eigenvalue but (q±) holds in addition, then ( 14. i I) has at least one 

nontrivial solution provided a < a or a < \ k < a for some k > m. 

(c) If ao = X m is an eigenvalue but (q±) holds in addition, then d4.il) has at least one 

nontrivial solution provided a < a or a < X k < a for some k < m. 

We wish to prove this theorem provided that the conditions (p) and (gi)-(<73) are re- 
placed by the following four respective weaker ones 

(p*) a = lim^o for a.e. ig!1, and a = rirri| t |_ > . 00 ^j^- for a.e. 

(g*) There exist constants C\ > 0, r G (0, 1) and a function E G such that 

\q{x,t)\ < E{x) + d\t\ r V(i,i)GfixRi 

(q%) There exist constants c 2 > 0, a > 1 and G G such that 

either Q(x, t) - ^q(x, t)t > c 2 \t\ a - G(x) W(x,t)eQxR, 

or -g(x, *)* - Q(x, t) > c 2 \t\ a - G(x) V(x, t) G Q x R; 

(gjP For almost every x G f2 the function M3fi-> g(x, t) is differentiable and Oxlg 
(x, t) (-)■ g t (x, t) is a Cartheodory function. Moreover, there exist s G (^7^, m 
case n > 2, and s G (^^, 00) in case n = 2, and £ G a bounded measurable 

h : R ->• R such that 

h(t) — » ft G R as \t\ 00, and \q t (x,t)\ < £(x)h(t) 

for almost every iGfi and for almost all t G R. (Clearly, h > and ft > 0.) 

Since g(a;, 0) = and at + g(x, t) = t) = a t + qo(x, t) by the definition, (p*) 
and (ql) imply that for a.e. x G f2, the derivative g t (x, 0) exists and a = a + 0). 

For g in (g 3 ) let h(t) := max^ | J^g(x,t)| for each t G R. It is easily proved that 
h G L°°(R) and h{t) — > as |£| — > 00. This shows that q satisfies (q£). On the other hand, 
for q in (g^) we cannot deduce that -§^q(x, t) — >• as |i| — > 00 uniformly in x G in case 
ft = (even if we also assume g G C 1 ^ x R).) Hence the condition (g|) is much weaker 
than (g 3 ). 

Recall that the Laplacian — A is a self-adjoint operator defined on L 2 (fl), with do- 
main -D(-A) = H 2 (Q) fl H^(Q). By the standard theory of linear elliptic BDV due to 
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Agmon-Douglise-Nirenberg, for any 1 < s < oo the Laplacian — A can be extended into 
a continuous Fredholm operator from W 2 ' s (£l) D W ' S (Q) to L s (f2). Moreover, —A is 
invertible and = (— A) -1 is a continuous linear operator from L s (n) to W^ 2 ' s (f2) (see 
Brezis Theorem 9.32). Clearly, K satisfies (w, u) L 2 = (Ku, v) H i for any v G (fi) 
and u G L 2 (Vt), where (to, v) H i = J n Vw • Vvdx. Note that .K" is also a positive, self- 
adjoint and completely continuous operator from L 2 {0) to L 2 {VL) (resp. from Hq(VL) to 
ifp (fi)). The eigenvalues of the Laplacian — A on Vt with boundary conditions form an 
increasing sequence: < Ai < A2 < A3 < • ■ ■ , and A n — >■ 00. (Actually, Ai < A2). 
K : Hl(Q) — >■ Hq(Q) has a countable set of eigenvalues {fi n }^ =1 = {1/X n }^ =1 of finite 
multiplicity. 

Let c(Q) be the smallest positive constant such that 

\\u\\ c o < c(fi)||Vu|| 2 = c(fi)||u|| H Vm g H^(Q) (4.2) 

(because .Hq (fi) e — >■ C(fi)). For the s G R in (g|) we have the sequence of operators 

-4 L s (fi) A H^ 2 ' s (fi) n W 1,s (ft) -4 i?J(n), ( 4 - 3 ) 

where the first and the last are two embedding operators and the second is a bounded 
linear operator. By for any u, v G (fi), the function 

1)914 g t (x,M(x))t;(x) belongs to L S (Q), (4.4) 

and for almost every x E Vt the functions R 9 t 4 q(x,t) and I 9 f 4 qt{x,t) are 
continuous. The calculus fundamental theorem leads to 



\q{x,t 2 ) - q(x,tx)\ 
and hence 



t% 

q T (x, r)dr 



<\\h\\ L e°l(x)\t2-t x \ Vti,t 2 eR, (4.5) 



|Q(x,*)| < ^\\h\\ L oo£(x)t 2 for a.e.xG ft, Vt G R (4.6) 

because g(a;, 0) = 0. Hereafter ||/i||oo = sup{|/i(i)| : £ G R}. 
Let if = Hq(Q) for convenience. Consider the functional 

J(u) = J Q|Vu| 2 - ^au 2 - Q(x,u(x))^j dx Vu G if, 

and the bounded linear self-adjoint operator 

B(oo) : H*(Q) -4 H%(n), u^u- aKu. (4.7) 
Then J(u) = |(S(oo)u, u)# + Vu G if, where the functional 

9:^48,1/4 - / Q(x,u(x))dx. (4.8) 
in 
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For u e H define B(u) : H — Y H by 

B(u)v = v - aKv - K(q t (u)v) Vv G Hq(Q), 
where q t {u)(x) = qt(x, u(x)) Vx G fi. Then for any v, w G H it holds that 

(B(u)v,w) H = (v,w) H - a(Kv,w) H - (K(q t (u)v),w) H 

= (v,w)h — a / — / q t {x 1 u(x))v(x)w(x)dx. 

Jn Jn 

It follows from (gp that G L S (H) because 



(4.9) 



qt(x, u(x))v(x)w(x)dx 



< 



£(x)dx 



\v\\c° ■ \w co- 



Proposition 4.2. Suppose that the condition (p*) is satisfied. Then 
(i) Under the assumption the functional J is C 1 , and 

g(u) = J(u) — -(B(oo)u,u)h = °(\\ u \\ 2 h) as \\ u \\h oo. 



(4.10) 



Moreover, VJ(«) = u—aKu+V g{u) = u—aKu—K(q(u)), where q{u)(x) = q(x,u(x)) 
foru G H. 

(ii) Under the assumption (q^), J is C 2 and D(VJ)(u) = B{u) Wu G H. Moreover, if 
a = for any z G = Ker(£>(oo)) andu G := (H^) 1 - it holds that 



\g"(z + u)\\ L{H) <c(nf 



\\h(z + u)-h\\^ + h\n\ 



s-^s 



(4.11) 



where := mes(f2), < s 1 < s and Si < in case n > 2, c(Q) is as in (\4.2\) . 
(iii) Under the assumptions (ql) and (q^), 



||VJ(u) — B(oo)u\\h = o(\\u\\h) as \\ u \\h — > oo. 



(4.12) 



(iv) Under the assumptions (ql) and (q%) the functional J satisfies the Palais-Smale con- 
dition. 

Its proof is almost standard. For completeness we shall give it at the end of this section. 
For simplicity we set 



2n 



2 \n + 2 



+ mm < s 



2n 



n 



and l(s) 



s — Si 
SiS 



(4.13) 



Lemma 4.3 ([1, Lem.3.2]). Let V be a finite dimensional subspace of C{VL) such that 
every v G V \ {0} is different from zero a.e. in fl. Let h G L°°(R) such that h{t) — >• as 
\t\ — > oo. Moreover, consider a compact subset K ofL p (Q) (p > 1). Then 



lim / \h(tv(x) + u(x))\dx = 



uniformly as u G K and v G S, where S — {v G V \ \\v\ 



CO 



!}• 
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Since any two norms on a finite dimensional linear space are equivalent, and any 
bounded set in H = Hq(£T) is compact using this lemma we easily prove 

Claim 4.4. For given numbers p > and e > there exist Rq > such that 



for any u £ B H ±(9,p) and z £ if^, wzY/z > -Ro- 

Clearly, the origin 9 of If is a critical point of J, and J"(9) : H ^ H is given by 
J"(0)i; = v - a Q Kv for v £ # = ^(fi). Denote by 



the kernel, positive and negative definite subspaces of J"{9) (resp. 5(oo)). Then i7 = 
H$ © H+ © H e and H = H ^ ® H+ ® H x . Both #° © #+ and © H+ are finite 
dimensional. Let u e = dimHg, p e = dirnHg and = dimif^, p^ = dimif^. They 
are the nullity and Morse index of J at 9 (resp. oo). For m £ N let 

nrT = min{j £ N | Xj = X m } and m + = max{j £ N | Xj — X m }. 

Clearly, m~~ = m + = 1 for m = 1, and mr = 2 for m = 2. Let {^Pj}°^ =1 be a normal 
orfhonormal basis of H = Hq(Q) consisting of the eigenfunctions associated with the 
eigenvalues {Xj}°° =1 . (So Xj J n \ipj(x)\ 2 dx = J n \W^j(x)\ 2 dx = 1 Vj £ N.) Note that 



Clearly, H° e ^ {9} (resp. H° x ^ {9}) if and only if a £ {A m }~ =1 (resp. a £ {A m }^ =1 ). 



If a — a — X m then H$ = = Span({^- \ m < j < m + }) and 

H e = H ™ = Span({^ | j < m'}) and Hj = H+ = Span({<^ | j > m + }). 

If a = a > Ai and a = a ^ {A i }^ :1 , then there exists m £ N such that a = a £ 
(A m +, A m + +1 ) because X n — > oo. In the case 

H e = H ™ = Span({^- 1 j < m+}) and H+ = H + = Span({<^ 1 j > m + }). 

Hence we obtain 



= ^oo = and p e = p^ = if a = a < Ai, 
vq = Voo = and p e = p^ = m + if a = a £ (A m +, A m++ i). 

By the splitting theorem for C 2 functionals on Hilbert spaces (cf. |@J[T5]|) we get 



rG[0,l] 



sup \\h(z + u) -n||_ai. + ^|^r (s) <£ + ft|^| t(s) 

r- Tr\ 1 1 s — si 



H e u , ff+ ffr (resp. IC F" ) 




■m j 
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Proposition 4.5. (i) Ifa < Ai, then C k (J, 9; K) = 5 0k K. 

(ii) If do G (A m +, A m + + i) for some m G N, ?/zen Cfe(J, 0; K) = 5 m +fcK. 

(iii) 7fa = A m , then C k (J, 0; K) = Ofor all k £ [m~ — 1, m + ]. 

Under the assumptions of Proposition |4.2r iv) the functional J satisfies the Palais- 
Smale condition and hence the deformation condition (D) c at every c G R. Then the 
critical group of J at infinity, C*( J, oo; K), is well-defined. The following is a generaliza- 
tion of Theorem 3.9 in |[2]|. 

Proposition 4.6. Let the assumptions of Proposition \4.2\ be satisfied. 

(i) If a < Ai, ?/zen Cfe(J, oo; K) = 8 0k E~ 

(ii) T/'a G (A m +, A m + +1 ) for m G N, ?/?en C fc (J, oo; K) = 5 m + k K. 

(iii) If a = A m , f/zen Cfe( J, oo; K) = VA; ^ [m~ — 1, m + ] provided that 

mm\\s < f W X[ A - v : m > !' (4 - 14) 

and 

Mi- < l/c(ft) 2 . (4.15) 

//ere i(s) w given by ( 14.731) . 

Clearly, when ft = the condition (14.141 ) is naturally satisfied because the left side of 
the inequality is always positive. If h > the choice of si in (14.131 ) shows that the upper 
bound of h given by (|4.14l) is not the biggest one. 

Before proving it we point out that using Propositions 2.3, 3.6 in [|2l and Proposi- 
tions @31|4]6] and repeating the proof of [2, Prop. 5. 2] may lead to the following general- 
ization for Theorem 14.11 

Theorem 4.7. Suppose that the assumptions (p*) and (ql)-(q^) are satisfied. 

(a) If ao is not an eigenvalue of —A then l\4.1\) has at least one nontrivial solution 

provided that for some m G N, < \4.14\) -< [4J5\) hold and either a < X m < a or 

a < A m < a . 

(b) If a = \ m is an eigenvalue but ( \4.14\) - ft4J5\) and (q£) hold in addition, then d4.il) 

has at least one nontrivial solution provided that either a < a or a < X k < a for 
some k > m and A4.14\) - ft4J5\) hold with m = k. 

(c) If a = A m is an eigenvalue but ([4.14\) - ft4J~5\) and (q±) hold in addition, then A4.1\) 

has at least one nontrivial solution provided that either a$ < a or a < \ k < ciofor 
some k < m and (\4.14\) holds with m = k. 
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Indeed, the condition (q± ) (resp. (q~[)) is used to assure that the local linking condition 
in Propositions 2.3 of holds with X~ = H$ © H e and X + = H+ (resp. X~ = H~ 
and X + = H% © because J(w) = \(B(9)u, u) H - J n Qo(x, u{x))dx for all u E H. 
They imply C^ e+V9 (J, 9) ^ and J, 0) 7^ 0, respectively. 

There exists a further possible improvement, that is, the limit a = lim^o in 
(p*) is not required to be constant. For example, for Theorem |4.7r a), we may assume that 
a (x) = lim^o exists for a.e. x £ £1. Then the second condition in (p*) and (q%) 
imply that ao(x) = a + qt(x, 0) for a.e. x e O. Suppose that 1 is not an eigenvalue of 
the equation —Am = Xaou in with boundary conditions. Then 9 is a nondegener- 
ate critical point of J with finite Morse index /j, e , and hence Ck(J, 9) = S^gK. If 9 is 
a unique critical point of J then Ck(J, 00) = 4 W K by Proposition 3.6 of [2J. Proposi- 
tion |476] shall lead to a contradiction under the suitable condition on a. The corresponding 
generalizations of Theorem |4.7f b)-(c) can be obtained similarly. 

Proof of Proposition 14.61 Step 1. Carefully checking the proof of Lemma 4.2 in [2] one 
easily sees that (14.101) and (14.121) imply the corresponding result: For sufficiently large 
R > and b < the pair 

(SB., (0, J2 + 1) © Hi, J b n (Bflj, (0, J2 + 1) © 
is homotopy to the pair 

(B H2o (9, R+l)® B H ^ (9, 1), B H < L (9, R + l)® dB H - (9, 1)) . 

The homotopy equivalence leaves the if^-component fixed. In particular, the pair 
(H, J b ) is homotopy to the pair (B H ~(9, 1), dB H -(9, 1)) provided that = and 
Hoo < 00. The final claim immediately leads to (i) and (ii). 
Step 2. We begin to prove (iii). In this case obverse that 

x Wi) = 2 x -x Xj(pj ' 

For X = if, by the definitions of C£° and C%° above dl.2D we have 

C? = moc^rXiH^) and CT = ||J - i* || i(ffffli) . 
From these ones easily derive 

Lemma 4.8. C 2 °° = 1 (because I - = P± ^ I). If a = Ai tfcn 

Cr = ll(S(oo)|^)- 1 || £(JB i ) = ] ^, 
anJ ifa = X m with m > 2 ?/zen 
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We wish to use Corollary 1 1.61 It suffices to check the conditions (iii)-(iv) therein. Since 

Q(oo)v = —aKv, B(u)v — Q(oo)v = v — K(q t {x)v) and hence 

(B(u)v - Q(oo)v,v) H = (v,v) H - / q t (x,u(x))(v(x)) 2 dx 



> (v,v)h — £(x)dx j ■ • \\u\\c° ■ \\ v \\c° 

> (l-c^lKHi-H/ill^lHllr. 

This shows that the conditions (iii) of Corollary 1 1 .61 holds under (14.151) . 
By (14.121) . ||VJ(^)||h = o(||z||#) as z G and \\u\\ H ->■ oo. Hence 

M(A) = M(VJ) = lim sup{||(/ - P^)VJ(z)\\ H : z G H^, \\z\\ H > R} = 0. 

By Lemma [4781 and (14.141) we may take a small e > such that 

c(n) 2 \\£\\ s (e + h\n\^) < i/cr. 

For this e > and a given numbers p > 0, by Claim |4~41 there exist R > such that 

sup ||/i(z + u) + h\n\' {s) <e + h\n\ L{s) 

re[o,l] S ~ S1 
for any m G -B ff ± (0, p) and z G ff^ with \\z\\ H > R . This and (14.111) lead to 

< \\B(z + u) - B(oo)\\ L{H ) = \\g"(z + u)\\ L(H ) 

< c(Q) 2 \\£\\ s (e + h\Q\^) < 



for any u G B H ±(6, p) and z G i?^, with > -Ro- Summarizing these we obtain 

Lemma 4.9. For a = X m , if either h = or h > an J H4.14\) - S4J5\) are satisfied, 
then taking pyj &s anv positive number p there exist R\ > sac/? ?/za? the conditions of 
Corollary U .6\ is satisfied. 

Under the assumptions of Proposition 14.21 and Lemma 14.91 by Corollary 11.61 there 
exist a positive number R, a C 1 map h°° : 5^(00,/?) — > B H ±(9, pyj) (satisfying 
(I-P^)A(z+h°°(z)) =0 Vz G J B/ f o o (cx), J R)),andahomeomorphism$ : £#^(00, #)© 
F± -> 5 H c, (00, i2) © F± such that 

J o $(2 + u + + u~) = ||w + f - ||m-|| 2 + J(z + h°°(z)) 

for all + u~) G Bh^oo^R) x Using this we may repeat the arguments 

on pages 432-433 of to derive that Lemma 4.3 of [2J holds for J: There exist a 
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sufficiently large R > 0, b < and a continuous map 7 : 5^(00, R) ->■ [0, 1] with 

7(C) > for C := 5^ (0, R+l)n B H2o (00, i?) such that the pair 

(B H oJoo,R) x H±, J b n (B H0 Joo,R) x tf±)) 
is homotopy equivalent to the pair (5^(00, i?) x r), where 

r = G B H2o (oo,R) x H~ : H > and 

f if J(z + h°°(z)) < a, 

l(z)=\ 1 if J{z + h°°{z)) >a+l, 

[ J(z + h°°(z)) - b elsewhere. 

Moreover, the homotopy equivalence leaves the ^-component fixed. 

Combing this with Step 1 and repeating the proof of Theorem 3.9 in [0 we get the 
claim in Proposition Miii), i.e., C k (J, 00; K) = H k (H, J b ; K) = Vk £ [m~ - 1, m+] 
because [/too, ^00 + ^00] = [m~ — 1, m + ] by the list above Proposition l4.5[ □ 

Proof of Proposition 14.21 (i). Since the functional H 3 u \-t (B(oo)u 1 u)h is smooth, 
we only need to prove that the functional g in (14.81) is C 1 . Clearly, it suffices to prove that 
g is C l under the assumption: 3 E e L 1 ^) and r > 1 such that 

\q{x,t)\ < E{x) + \t\ r fora.e.xeQ, Vt G R. 

Obverse that Q is also a Cartheodory function and that 

f u(x)+v{x) 

\Q(x,u(x) + v(x)) - Q(x,u(x))\ 



(4.16) 



q(x, r)dr 



u(x) 



= sup \q(x,u(x) + tv(x))\ • \u(x) — v(x)\ 

re[0,l] 

< (E(x) + sup |u(a;) + rt>(x)| r ) ■ \u(x) — v(x)\ 

re [0,1] 

< + (||u||oo + |Ka;)|| c o) r ) • ||«-v||oo 
for any u, v G H. So g (and hence J) is continuous because 

\g(u + v) -g{u)\ < (\\E\\ L i + |0| • (||u||cx> + \\v(x)\\ c o) r ) ■ \\u-v\\ c °. 

In order to prove that g is C 1 , by the standard result in functional analysis we only 
need to prove that g has a bounded linear Gateaux derivative Dg(u) at every point u G H 
and that H 3 u i-)- Dg{u) G if* is continuous. 

For it, v G i?Q (fi), r G (—1, 1) \ {0} and almost every a; G f2, as above we get 

C«(l)+T»(l) 

g(x, r)<fr 



Q(^c, w(x) + rf (x)) — Q(x, u(x)) 




-1 


T 




T Ju 



< sup \q(x, u(x) + 8tv(x))v (x)\ ■ \v(x)\ 
o<e<i 

< (E(x) + (\\u\\ c0 + \\v(x)\\ c o) r ) ■ \\v\\ c o 
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by (14.161) . From this and the Lebesgue dominated convergence theorem we derive 



Dg(u)[v] 



d 

dr 



T=0 



g(u + tv) 



q(x, u(x)) ■ v(x)dx. 



That is, g is Gateaux differentiable. Clearly, Dg(u) G H*. Since H^(Q) ^ C(0) and 
\q(x,u(x))\ < E(x) + \\u\\ r c0 by (14.161) . as above we deduce that H X H 3 (u, v) i-> 
-Dg(-u)[V] is continuous. That is, g is continuously directional differentiable. 
Moreover, for u\, u 2 , v G Hq(CI), (14.51) leads to 



[q(x, u 2 (x)) — q(x, Ui(x))] ■ v(x)dx 



< IMIc* / \q(x,u 2 (x)) — q(x,ui(x))\dx 
'a 



and hence 



\\Dg( Ul ) - Dg{u 2 )\\ H * 



= sup \Dg(ui)v - Dg(u 2 )v\ 

\Hh<1 

< c(fi) / \q(x, u 2 (x)) — q(x, U\{x))\dx 



where c(Q) is as in (14.21) . Let f(x) denote the sign function of q(x, u 2 {x)) — q(x, Ui(x)). 
It is measurable, and 

/ \q(x,u 2 (x)) - q(x,ui(x))\dx = / [f(x)q(x,u 2 (x))-f(x)q(x,Ui(x))]dx. 
Jn Jn 

Obverse that f2 x R 3 (x,t) h-> f(x)q(x,t) is a also a Cartheodory function and that 
|/(a;)g(x,t)| < < E(a;) + |i| r for a.e. x G and all t G 1. By the standard 

properties of the Nemytski operator (cf. (H Prop. 3. 2. 24]), the map L r (Q) 9n4 q(tt) G 
L 1 (fi), where q(w)(x) = f(x)q(x, u(x)), is continuous. From the continuity of the inclu- 
sion i/ ■=— >■ L r (fi) it follows that the functional Dg is continuous. Hence g (and therefore 
J) is C 1 . 

Finally, since \q(x, t)\ < E(x) + Ci\t\ r \/(x, t) G Q x R by (<^), we derive 



< \t\E(x) + Cl \t\ r+1 V(x,t)efix 



\Q(x,t)\ = 
Hence for any u G H we have 

< / E(x)dx + C\\Vl\ ■ \\u 
Jn 

< c{tt)\\u\\ H I E(x)dx + Cl (c(n)) r+1 \n\ ■ 

in 

where c($7) is as in (I4.2I ). (14.101 ) follows. The expression of V J is clear. 



|Q(x,«(a;))|da;< / (E(x)\u{x)\ + Cl \u(x)\ r+1 )dx 
n Jn 



|r+l 

\c° 
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(ii). For the integer s' satisfying the equality 1/s + = 1, by (14.51) . 

\q(x,t)\ < \~{£(x)Y + ^\t\ s '^j ■ IHIl- for a.e.xG ft, Vt G R. 

So it follows from (i) that (7 and hence J is C 1 . 

Let us prove that VJ is C 1 . For u,v,w G H and r G (—1, 1) \ {0}, we have 



| + ru)) - K{q{u)))/T,w) H - {K{q t {u)v), w) H 

q(x,u(x) +tv(x)) - q(x,u(x)) ' 
q t (x,u(x))v(x) 



T 



< 



q(x, u(x) + tv(x)) — q(x, u(x)) 



q t {x,u(x))v(x) 



■ w(x)dx 
\w(x)\dx 



and thus 



|| [K(q(u + TV)) - K(q(u))]/T - K(q t (u)v) \\ H 
q(x, u(x) + tv(x)) — q(x, u(x)) 



< c(fi) 

Note that for a.e. ig!1, 

q(x, u(x) + rv(x)) — q(x, u(x)) 



- q t (x,u(x))v(x) 



dx. 



q t (x,u(x))v(x) 



<2£{x)\\h\\ L oo.\v(x)\ 



by (Qs)- From the Lebesgue dominate convergence theorem we derive 

lim \\[K(q(u + tv)) - K(q(u))]/r - K(q t (u)v)\\ H 



< lim 



q(x, u(x) + tv(x)) — q(x, u(x)) 



- q t (x,u(x))v(x) 



dx = 0. 



Hence Vg is Gateaux differentiable, and VJ has the Gateaux derivative B(u) at any 
u G H . Moreover, obverse that 

{B{u x )v - B(u 2 )v,w)h = / [qt(x,u 2 (x)) - q t (x,ui(x))]v(x)w(x)dx 

Jn 

and hence 

\\B(ui)v - B(u 2 )v\\ H < c{Q)\\v\\ c o / \q t (x,u 2 (x)) - q t (x , Ui{x))\dx 



< c(tt) \\v\\ H / \q t (x,u 2 (x)) - q t (x, ux(x))\dx. 



We obtain 



H-B('Ui) -B(u 2 )\\c(H) < c(Q) / \q t (x,u 2 (x)) - q t (x,Ui(x))\dx. 

Jo, 
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Since t \-t qt{x,t) is continuous, q t (x,u 2 {x)) — > q t (x,Ui(x)) as \\u 2 — Ui\\c° — > 0. It 
follows from that the map H 3 u i-> £>(u) g is continuous. This implies that 

V J has the Frechlet derivative -B(w) atu £ H, and therefore that J is C 2 . 

In order to prove (14.111) , note that for z G and tti G H^, u 2 G if we have 

||^"(2; + wi)« 2 ||h = sup |(^"(^ + Ui)tt2,w)ir| 
HU<i 

= sup |(if(gt(2 + wi)w2 3 w)/r| 
wlifl- <i 



< 
< 
< 

< 
< 



sup 

h!h<1 



sup 

w\\ H <i Jn 



\qt(x, z(x) + Ui(x))u 2 (x)w(x)\dx 
£(x)h(z(x) + ui(x))\u 2 (x)w(x)\dx 



M2||c°( SU P IIHIc ) / i(x)h(z(x) + Ui(x))dx 

llt«lljj<l 



n 



\h(z(x) + ui(x))\ : 



dx 



c o[ sup \\W\\co, 
IMIh^ 1 



,||/l(z + Ul)|| JLi. • 1 1 1*2 1 1 C° ( SUp \\w\\co) 

\H\h<1 



< c(n) 2 \\£\\ s \\h( z + Ul )-h\\n^ + h\n\^ .\\u 2 \\ H , 

where c(fl) is as in (|4.2I) . (14.1 II) follows from this. 

(iii) Since VJ(u) — B(oo)u = Vg(u), we may derive (14.121) as follows: 

\\Vg(u)\\ H - 



sup \(Vg(u), v)h\ < sup / \q(x,u(x))\ ■ \v(x)\dx 
\\v\\ H <i \\v\\ H <i-Jn 



< ( sup ||f||c°) • / \q(x,u(x))\dx 
\Hb<i 



< c(n) / E(x)dx + Cl c(Q) / \u(x)\ r dx 

Jn Jn 

< c(n) [ E(x)dx + c lC (ny +l \n\ ■ \\ u \\ r H . 

Jn 



(iv) By (|4~71) , B(oo) = I - aK. Let := Ker(S(oo)). Note that the positive (resp. 
negative) definite subspace of -B(oo), if+ (resp. H^), is spanned by the eigenfunctions 
of —A which correspond to the eigenvalues less than (resp. greater than) a. Since H = 



© if + © we may write u G H as u = w° - 
(B(oo)u + , u + )h + (B(oo)u^, u~) H - It follows that 



it . Hence (B(oo)u,u)h 



It L 



1 1 2 



|a + (S(oo)u + ,u + ) H - (B(oc)u-,u-) H y 



defines an equivalent norm on H. Obverse that 



u°\\ 2 dx+ I [\Vu + \ 2 - a\u + \' 2 ]dx - / [\Vu-\ 2 -a\u-\ 2 }dx 
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Let (u n ) be a Palais-Smale sequence for J in H. That is, J'{u n ) — )■ and | J(« n )| < M 
for some M > and all n G N. As in the proof of Lemma 5.5 in [0 we have 



\ut\\*?< 



q(x, u n )u^dx 



+ hn\\* 



for n large. From (q\) we derive 



/ q{x,u n )u^dx 


<-j 


Jn 


Jn 



+ 1 



Since H ^ C(f2) and the norms || ■ ||# and || • ||* on H are equivalent, there exists a 
constant only depending on fi, Co > 0, such that < C^IMI* for all u G if. So 



u n )u^dx 



< Cn\\u 



\E\\ L i + Cl C r n \Q\ ■ \\u n \\:) . 



These lead to 



KH* < 1 + C Q ■ \\E\\ L i + Cl C r n +1 \Q\ ■ \\u n \\:. 



By we may assume 

^q(x, t)t - Q(x, t) > c 2 \t\ a - G(x) W(x, t) e Q x 
(Another case can be proved in the same way). As in [[21 we have 

M+IKH* > \J(u n )--J'( 

l 

2 
1 



n 



> 



q(x, u n (x))u n {x) - Q(x, u n (x))J dx 
q(x, u n (x))u n (x) - Q(x, u n (x) + G(x)) ) dx 



m \2 

> c 2 / \u n (x)\ a dx - \\G\\ L i 



- \\G\ 



Then repeating the remainder arguments in the proof of Lemma 5.5 in [2] give the desired 
conclusion. □ 
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